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Abstract
We compute the perturbative partition functions for gauge theories with eight supersymme-
tries on spheres of dimension d ≤ 5, proving a conjecture by the second author. We apply
similar methods to gauge theories with four supersymmetries on spheres with d ≤ 3. The
results are valid for non-integer d as well. We further propose an analytic continuation from
d = 3 to d = 4 that gives the perturbative partition function for an N = 1 gauge theory.
The results are consistent with the free multiplets and the one-loop β-functions for general
N = 1 gauge theories. We also consider the analytic continuation of an N = 1 preserving
mass deformation of the maximally supersymmetric gauge theory and compare to recent
holographic results for N = 1∗ super Yang-Mills. We find that the general structure for
the real part of the free energy coming from the analytic continuation is consistent with the
holographic results.
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1 Introduction
Localization has proven to be a powerful tool for investigating supersymmetric gauge theories
on compact spaces with isometries (for a recent review see [1]). Localizing a gauge theory
reduces its partition function to a sum1 over the various localization loci, with a structure
of the form
Z =
∑
k∈loci
e−SkDetk , (1.1)
where Sk refers to the Euclidean action evaluated at the k
th localization locus and Detk is
the contribution from the Gaussian fluctuations about that locus.
Evaluating the Detk is subtle as there are contributions from both fermions and bosons
and they almost completely cancel out against each other. One possible way to compute it
is to evaluate the fluctuations from bosons and fermions separately and combine the results,
as was done in [2] for d = 3 and in [3] for d = 5. In both cases one observes a very large
cancellation.
Alternatively, one can use index theorems to find the determinant factors, as was done by
Pestun for d = 4 in his groundbreaking paper [4]. Generalizations to d = 3 [5], d = 5 [6, 7],
and d = 6, 7 [8] followed thereafter (for a further list of references see [1]). In computing
the determinants via index theorems there was a difference in approach for odd and even
dimensional spheres. In the odd case one takes advantage of an everywhere nonvanishing
vector field. In the even case a vector field necessarily has fixed points and one adjusts the
methods accordingly2.
However, even though the methods used were different, the final results were strikingly
similar. In [10] a conjecture was given for the partition function of supersymmetric gauge
theories in the zero instanton sector on round spheres with eight supersymmetries, for general
dimension d. The conjecture passes many tests. As was observed in [10] one could combine
the partition function for a vector multiplet and an adjoint hypermultiplet with appropriate
mass such that the number of supersymmetries is enhanced to the maximal number of 16,
and analytically continue the result up to six and seven dimensions to obtain the result found
previously in [8]. Other tests were performed in [11], where it was shown that the analytically
continued result for a vector multiplet in six-dimensions is consistent with the one-loop
1The sum may include integrals over continuous parameters which parametrize the localization loci
2 The differences are spelled out more thoroughly in [9], where separate subsections are devoted to the
odd and even case.
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runnings of the coupling in flat space. A similar story is true for maximal supersymmetry
in eight and nine dimensions.
In this paper we will verify this conjecture by calculating explicitly the determinants for
general dimensions. Our methods do not use index theorems but are instead generalizations
of the procedures used in [2] and [3]. When localizing with eight supersymmetries on Sd, we
will choose a spinor whose vector bilinear leaves an S4−d sphere fixed. So for example, on S5
it acts freely, on S4 there is a fixed S0, namely the north and south poles, while on S3 there
is a fixed S1. In the last case this is a different choice than the one used in [2], where the
vector bilinear acts freely on S3. Of course, the two procedures must give the same result.
The determinant factors for the vector multiplet and hypermultiplet are given in eqs. (4.51)
and (4.64) respectively.
We then consider theories with four supersymmetries. Actions for gauge theories on
S4 preserving four supersymmetries have been constructed [12], but a direct localization
procedure has not yet been found. Hence, our starting point is on S3. Here we follow the
prescription in [2] to generate a vector field that acts freely. We show how to generalize
the construction to d ≤ 3 and write down an explicit expression for the determinant factors
given in eqs. (5.15) and (5.23). In the generalization the fixed point set for the vector field
is S2−d, hence S2 will have fixed points at the poles.
We then make a proposal for analytically continuing gauge theories with four super-
symmetries up to d = 4. The pitfalls of dimensionally regularizing supersymmetric gauge
theories have been known for a long time [13, 14]. However, except perhaps for anomalies,
it appears to work in one- and two-loop calculations [15]. Analytical continuation of the
dimension has also been successfully applied to conformal field theories [16–20]. With this
proposal for minimal supersymmetry on S4 we test it against various cases. We first show
that the continuation is consistent with the partition functions for a U(1) vector multiplet
or a free massless chiral multiplet. Both of these situations are conformal and so can be
mapped from flat space onto S4. Since they are free, their partition functions on the sphere
are calculable. We next consider a general gauge theory with N = 1 supersymmetry. We
show that in the limit of large radius we can extract the correct one-loop β-function.
Lastly, we investigate a mass deformation of N = 4 super Yang-Mills. Here we con-
centrate on N = 1∗ theories with three chiral multiplets in the adjoint representation and
masses mi, with i = 1, 2, 3. The superpotential also has a term cubic in the chiral fields that
stays fixed as the mass parameters are varied. A straightforward dimensional reduction of
N = 1∗ gives a three dimensional gauge theory with complex masses for chiral multiplets. In
our analytic continuation we start with a vector multiplet and three chiral multiplets. How-
ever, the three dimensional mass deformed gauge theory that we can analytically continue
requires real masses. Such terms appear explicitly as central charges in the superalgebra.
The presence of the cubic term in the superpotential forces the sum of the three real masses
to be zero in order to maintain supersymmetry.
Despite these subtleties, one can compare the general structure of the analytically con-
tinued partition function with the N = 1∗ partition function. We make a straightforward
identification, up to a sign, of the real masses of the analytically continued theory with the
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masses, up to a sign, that appear in the N = 1∗ superpotential. N = 1 superconformal
theories on S4 are scheme dependent [21]. However, in [22] it was argued that the the fourth
derivatives of the free energy with respect to the mass parameters are scheme independent.
This is in line with our observations here. We compute the corrections to the free energy
to sixth order in the chiral masses at strong coupling. At least for the real part of the free
energy we find no inconsistencies with the holographic results in [22]. In fact, having the
sum of the real masses be zero turns out to play a crucial role.
The rest of this paper is structured as follows. In section 2 we review and extend the
results in [8] for constructing gauge theories on round spheres for eight and four supersym-
metries. In section 3 we compute the fluctuations about the perturbative localization locus.
In section 4 we explicitly construct the determinant factors for theories with eight supersym-
metries. In section 5 we do the same for theories with four supersymmetries. In section 6 we
use the analytically continued result for four supersymmetries to compute the free energy of
the mass deformed N = 1 theory to quartic order in the masses of the chiral multiplet. In
section 7 we present our conclusions and discuss further issues. The appendices contain our
conventions and numerous technical details.
2 Supersymmetric gauge theories on Sd by dimensional
reduction
In this section we review and extend the procedure in [8] to construct supersymmetric gauge
theories on Sd. This is a generalization of Pestun’s study in four dimensions [1], and includes
further details to reduce the number of supersymmetries to eight and four respectively.
As in [1] our starting point is the 10 dimensional N = 1 SYM Lagrangian3
L = − 1
g210
Tr
(
1
2
FMNF
MN −Ψ /DΨ) , (2.1)
The space-time indicesM,N run from 0 to 9 and Ψa is a Majorana-Weyl spinor in the adjoint
representation. Properties of ΓMab and Γ˜
M ab are given in appendix A. The 16 independent
supersymmetry transformations that leave eq. (2.1) invariant are
δǫAM = ǫΓMΨ ,
δǫΨ =
1
2
ΓMNFMN ǫ ,
(2.2)
where ǫ is a constant bosonic real spinor, but is otherwise arbitrary.
We next dimensionally reduce this theory to d dimensions by choosing Euclidean spatial
indices µ = 1, . . . d with gauge fields Aµ and scalars φI with I = 0, d + 1, . . . 9. The field
strengths with scalar indices become FµI = DµφI and FIJ = [φI , φJ ]. As in [1] we are
choosing one scalar component to come from dimensionally reducing the time direction,
leading to a wrong-sign kinetic term for this field.
3As in [1] we consider the real form of the gauge group so that the group generators are anti-Hermitian
and independent generators satisfy Tr(T aT b) = −δab.
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We take the d-dimensional Euclidean space to be the round sphere Sd with radius r with
the metric
ds2 =
1
(1 + β2x2)2
dxµdx
µ , (2.3)
where β = 1
2r
. The supersymmetry parameters are modified to be conformal Killing spinors
on the sphere, satisfying
∇µǫ = Γ˜µǫ˜ , ∇µǫ˜ = −β2Γµǫ . (2.4)
We impose the further condition
∇µǫ = β Γ˜µΛ ǫ , (2.5)
leaving 16 independent supersymmetry transformations. To be consistent with eq. (2.4) Λ
must satisfy Γ˜µΛ = −Λ˜Γµ, Λ˜Λ = 1, ΛT = −Λ. The simplest choice has Λ = Γ0Γ˜8Γ9. The
solution to eq. (2.4) and eq. (2.5) is
ǫ =
1
(1 + β2x2)1/2
(
1 + β x · Γ˜ Λ
)
ǫs , (2.6)
where ǫs is constant. On the sphere the supersymmetry transformations for the bosons are
unchanged, but those for the fermions are modified to
δǫΨ =
1
2
ΓMNFMN ǫ+
αI
2
ΓµIφI∇µ ǫ , (2.7)
where the constants αI are given by
αI =
4(d− 3)
d
, I = 8, 9, 0,
αI =
4
d
, I = d+ 1, . . . 7 .
(2.8)
The index I in eq. (2.7) is summed over. This particular choice preserves all 16 super-
symmetries. One needs to add following extra terms to get a supersymmetric Lagrangian:
LΨΨ = − 1
g2YM
Tr
(d− 4)
2r
ΨΛΨ,
Lφφ = − 1
g2YM
(
d∆I
2 r2
TrφIφ
I
)
,
Lφφφ = 1
g2YM
2
3r
(d− 4)εABCTr
(
[φA, φB]φC
)
.
(2.9)
Here ∆I is defined as
∆I = αI , for I = 8, 9, 0, ∆I = 2
d− 2
d
for I = d+ 1, · · ·7. (2.10)
The scalars split into two groups, φA, A = 0, 8, 9 and φi, i = d+1, · · ·7 and the R-symmetry
is manifestly broken from SO(1, 9−d) to SO(1, 7−d). The full supersymmetric Lagrangian
is the dimensionally reduced version of eq. (2.1) supplemented with LΨΨ,Lφφ and Lφφφ.
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2.1 Eight supersymmetries
In this paper we are interested in theories with less supersymmetry. To construct theories
with eight supersymmetries when d ≤ 5 we put a further condition on ǫ.
Γǫ = +ǫ, Γ ≡ Γ6789. (2.11)
This reduces the number of independent supersymmetry transformations to eight. We divide
the spinor Ψ as
Ψ = ψ + χ, Γψ = +ψ, Γχ = −χ. (2.12)
ψ and χ fields will be the fermionic components of the vector multiplet and the hypermultiplet
respectively. The scalars φI , I = 6, 7, 8, 9 are in the hypermultiplet, while the remaining
scalars belong to the vector multiplet. Given a hypermultiplet mass m, the constants in
eq. (2.8) paired with the hypermultiplet scalars are modified to
αI =
2(d− 2)
d
+
4iσI mr
d
, I = 6 . . . 9,
σ6 = σ7 = −σ8 = −σ9 = 1.
(2.13)
To preserve supersymmetry we must modify the cubic scalar terms in the Lagrangian to
Lφφφ = − 4
g2YM
(
(β(d− 4) + im) Tr(φ0[φ6, φ7])− (β(d− 4)− im) Tr(φ0[φ8, φ9])) . (2.14)
We also need to change the quadratic term for the hypermultiplet fermion to
Lχχ = − 1
g2YM
(−imTrχΛχ) . (2.15)
The quadratic term for the hypermultiplet scalars is modified by changing the value of the
constant ∆I
∆I =
2
d
(
mr(mr + iσI) +
d(d− 2)
4
)
, for I = 6, 7, 8, 9. (2.16)
The quadratic term for the vector multiplet fermion is the same as in the case of 16 supersym-
metries with Ψ replaced by ψ. The full supersymmetric Lagrangian is then the dimensional
reduction of eq. (2.1) supplemented with Lφφ + Lψψ + Lχχ + Lφφφ.
2.2 Four supersymmetries
If d ≤ 3 then we can further reduce the number of supersymmetries by imposing the extra
condition
Γ′ǫ = +ǫ, Γ′ ≡ Γ4589. (2.17)
7
Now we decompose the spinor Ψ into four parts
Ψ = ψ +
3∑
ℓ=1
χℓ, (2.18)
where ψ belongs to the vector multiplet and the χℓ belong to three different types of chiral
multiplets. If we write ℓ in binary form as ℓ = 2β2(ℓ) + β1(ℓ), where βs(ℓ) are the binary
digits for ℓ, then we can write the chirality conditions as
Γχℓ = (−1)β1(ℓ)χℓ, Γ′χℓ = (−1)β2(ℓ)χℓ, Γ′ψ = Γψ = +ψ. (2.19)
We also split the scalar fields into 4 groups. The fields φ0 and φi, i = d + 1, . . . 3 belong to
the vector multiplet. Each chiral multiplet contains two scalar fields φIℓ , where the index Iℓ
takes two values Iℓ = 2ℓ+2, 2ℓ+3. Given the chiral multiplet masses mℓ, the constants in
eq. (2.8) are further split into
αIℓ =
2(d− 2)
d
+
4iσIℓ mℓ r
d
≡ α(ℓ) , σIℓ = (−1)β2(ℓ)β1(ℓ) ≡ σ(ℓ). (2.20)
It is instructive to look at the individual supersymmetry transformations of the fermions
in the vector and chiral multiplets. For the fermion ψ in the vector multiplet the transfor-
mations in eq. (2.7) reduces to
δǫψ =
1
2
FM ′N ′Γ
M ′N ′ǫ+ 1
2
3∑
ℓ=1
[φIℓ , φJℓ]Γ
IℓJℓǫ+
αa
2
Γµaφa∇µ ǫ , (2.21)
where M ′, N ′ = 0, . . . , 3 and a = 0, d+1 . . . 3. Likewise, for the chiral multiplet fermions we
have
δǫχℓ =DµφIℓΓ
µIℓǫ+ [φa, φIℓ ]Γ
aIℓǫ+ 1
2
εℓmn[φIm , φJn]Γ
ImJnǫ+
α(ℓ)
2
ΓµIℓφIℓ∇µ ǫ . (2.22)
Notice that eq. (2.21) and eq. (2.22) have terms that contain fields outside of their respective
multiplets. In the usual construction for four supersymmetries, the transformations of the
fermions would contain the auxiliary fields D and Fℓ. The terms outside the multiplets arise
from evaluating the auxiliary fields on-shell4. In our construction we will still use auxiliary
fields, but in this case they equal zero on-shell.
With the modification in eq. (2.20) the Lagrangian is almost supersymmetric under four
supersymmetries if the mass terms have the form
Lχχ = − 1
g2YM
3∑
ℓ=1
(−imℓTrχℓΛχℓ) ,
Lφφ = − 1
g2YM
3∑
ℓ=1
(
d∆(ℓ)
2 r2
TrφIℓφ
Iℓ
)
,
(2.23)
4We thank Guido Festuccia for a helpful discussion on this point.
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where
∆(ℓ) ≡ ∆Iℓ =
2
d
(
mℓr
(
mℓr + iσ(ℓ)
)
+
d(d− 2)
4
)
, (2.24)
and we include the cubic terms
Lφφφ = − 4
g2YM
3∑
ℓ=1
((
imℓ + βσ(ℓ) (d− 4)
)
Tr(φ0[φ2ℓ+2, φ2ℓ+3])
)
. (2.25)
However, under a supersymmetry transformation the Lagrangian changes by
δǫL = 1
2g2YM
(
β(d− 4) + i
3∑
ℓ=1
σ(ℓ)mℓ
)
Tr
(
ǫΛΓImInχℓ[φIm, φJn]
)
εℓmn . (2.26)
The only way to get rid of this term is to set
β(d− 4) + i
3∑
ℓ=1
σ(ℓ)m(ℓ) = 0 . (2.27)
One might have expected that the leftover term in δǫL could have been cancelled by modifying
the Lagrangian with a cubic term of the form ∼ φImφInφIl. However, one can quickly check
that this will not work because of the reality conditions imposed on the original spinor Ψ.
Another way to understand the origin of (2.27) is to consider the reduction of N = 4 in
four dimensions down to three dimensions. To avoid unnecessary complications we assume
the space is flat. In three dimensions, N = 2 SYM can have two types of mass terms, real
and complex [23, 24]. Complex masses descend directly from an N = 1 superpotential in
four dimensions. However, a real mass arises from a Wilson line of a background U(1) gauge
field [24]5. Writing the 4-dimensional Lagrangian in terms of N = 1 superfields, one has the
term ∫
d2θd2θ¯ exp(qiU)Tr(Q
†
ie
VQie
−V ) , (2.28)
where V is the vector superfield for the SU(N) gauge theory and U is the superfield for the
background U(1). The qi’s are the charges of the chiral multiplets under this U(1). If we
then compactify down to three dimensions, turn on the background Wilson line and integrate
around the compactified dimension, (2.28) becomes
R
∫
d2θd2θ¯Tr(Q†ie
VQie
−V ) +
∫
d2θ′(qi∆Φ)Tr(Q
†
ie
VQie
−V ) (2.29)
where R is the size of the compactified circle, which can be absorbed into the gauge coupling.
The three-dimensional Grassmann variables are of the form θα and θ¯α, while d
2θ′ ≡ (dθ+dθ¯)2.
For the Wilson line we assume that Uµ = ∇µΦ along the compactified direction. The second
term in (2.29) is the contribution for a real mass, mRi = qi∆Φ/R. In the large r limit, (2.23)
and (2.25) arise from such a term, with mRℓ = σ(ℓ)m(ℓ).
5In Euclidean space the real masses do not have to be real, but we will continue to use this term.
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However, the four-dimensional N = 4 Lagrangian has a term in the superpotential pro-
portional to Tr(QiQjQk)ε
ijk which descends directly to the three-dimensional superpotential.
In order to couple the background U(1) field to the theory, this term in the superpotential
needs to be gauge invariant. This requires setting q1+ q2+ q3 = 0, which immediately means
that the sum of the real masses is zero. Putting the theory on the sphere modifies this
condition to (2.27).
We can also understand (2.27) using the three-dimensional N = 2 superalgebra [23, 24],
{Qα, Q¯β} = i σµαβ Pµ + imR εαβ , (2.30)
where the real mass appears explicitly in the algebra as a central charge. The contribution
of the superpotential to the action is∫
d3x d2θW + c.c. . (2.31)
If the superpotential has the term Tr(QiQjQk)ε
ijk then acting with {Qα, Q¯β} on (2.31) gives
a term proportional to mR1 +m
R
2 +m
R
3 . Hence, supersymmetry requires the sum to be zero.
2.3 Off-shell supersymmetry
We need an off-shell formulation of supersymmetry in order to localize. One must also
ensure that the supersymmetry transformations close in the algebra. To this end we select a
particular Killing spinor ǫ and introduce seven auxiliary fields Km and bosonic pure spinors
νm with m = 1 . . . 7. These pure spinors satisfy the orthonormality conditions (A.8). The
off-shell Lagrangian has the additional term
Laux = 1
g2YM
TrKmKm . (2.32)
When reducing the number of supersymmetries we split the pure spinors accordingly.
With 16 supersymmetries the full set of transformations are [8]
δǫAM =ǫΓMΨ ,
δǫΨ =
1
2
ΓMNFMNǫ+
αI
2
ΓµIφI∇µ ǫ+Kmνm ,
δǫK
m =− νm /DΨ+ β(d− 4)νmΛΨ .
(2.33)
Acting twice with the supersymmetry transformation on the gauge fields one finds
δ2ǫAµ = −vνFνµ + [Dµ, vIφI ] , (2.34)
which is the Lie derivative of Aµ along the −vν direction, plus a gauge transformation.
Likewise, the action on the scalar fields is
δ2ǫφI = −vνDνφI − [vJφJ , φI ]−
1
2
αIβd ǫΓ˜IJΛǫ φ
J , (2.35)
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where again we have a Lie derivative plus a gauge transformation. The last term in eq. (2.35)
is an R-symmetry transformation. The transformation on the fermions is
δ2ǫΨ =− vNDNΨ−
1
4
(∇[µvν])ΓµνΨ
− 1
2
β(ǫΓ˜ijΛǫ)ΓijΨ− 1
2
(d− 3)β(ǫΓ˜ABΛǫ)ΓABΨ ,
(2.36)
where the terms in the last line are R-symmetry transformations. Finally, the transformation
on the auxiliary fields is
δ2ǫK
m = −vMDMKm − (ν[mΓµ∇µνn])Kn + (d− 4)β(ν[mΛνn])Kn , (2.37)
where the last two terms are generators of an internal SO(7) symmetry.
With fewer supersymmetries the fields divide up into vector, hyper or chiral multiplets
along with the accompanying modifications to the αI . For the case of eight supersymmetries,
we split the pure spinors such that Γνm = +νm for m = 1, 2, 3, while Γνm = −νm for
m = 4, 5, 6, 7. The associated auxiliary fields Km belong to the vector and hypermultiplet
respectively. Their transformations are
δǫK
m = − νm /Dψ + β (d− 4) νmΛψ, for m = 1, 2, 3,
δǫK
m = − νm /Dχ− 2iµβνmΛχ, for m = 4, 5, · · · , 7. (2.38)
Here µ ≡ mr is a dimensionless parameter.
With reduced supersymmetry, the transformations in eq. (2.34) are unchanged while
those in eq. (2.35) are modified by the change in the αI . For fermions in the vector multiplet
eq. (2.36) holds with Ψ replaced by ψ. For fermions in the hypermultiplet eq. (2.36) becomes
δ2ǫχ =− vNDNχ−
1
4
(∇[µvν])Γµνχ
− 1
2
β(ǫΓ˜IJΛǫ)ΓIJχ− 2iµβ(ǫΓ˜AΛǫ)Γ˜AΛχ .
(2.39)
For the auxiliary fields, equation (2.37) splits into two:
δ2ǫK
m =− vMDMKm − (ν [mΓµ∇µνn])Kn + (d− 4)β(ν[mΛνn])Kn
δ2ǫK
m =− vMDMKm − (ν [mΓµ∇µνn])Kn − 2iµβ(ν[mΛνn])Kn ,
(2.40)
where the first equation is for m = 1, 2, 3 and the second is for m = 4, 5, 6, 7. Invariance
under off-shell supersymmetry for the Lagrangian supplemented with Laux can be shown by
a computation that is almost identical to the one in [8] for 16 supersymmetries.
Reducing the number of supersymmetries to four, we split the pure spinors further as
follows.
Γ′νm = +νm for m = 1, 4, 5, Γ′νm = −νm for m = 2, 3, 6, 7. (2.41)
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The transformations of the auxiliary fields are
δǫK
m = −νm /Dψ + β (d− 4) νmΛψ, for m = 1,
δǫK
m = −νm /Dχ1 − 2iµ1βνmΛχ1, for m = 2, 3,
δǫK
m = −νm /Dχ2 − 2iµ2βνmΛχ2, for m = 4, 5,
δǫK
m = −νm /Dχ3 − 2iµ3βνmΛχ3, for m = 6, 7,
(2.42)
with µℓ ≡ mℓr being dimensionless parameters. As before, equation eq. (2.34) is unchanged
and eq. (2.35) is modified by the change in αI . For two supersymmetry variations of the
auxiliary field we have a straightforward generalization of eq. (2.40), where we split the aux-
iliary fields into four different types. Two supersymmetry variations of the chiral multiplet
fermions take the following form
δ2ǫχℓ = −vNDNχℓ −
1
4
(∇[µvν])Γµνχℓ
− 1
2
β(ǫΓ˜IJΛǫ)ΓIJχℓ − 2iµℓβ(ǫΓ˜AΛǫ)Γ˜AΛχℓ .
(2.43)
Invariance of the Lagrangian under off-shell supersymmetry follows just as in the case of
eight and 16 supersymmetries.
3 The localization Lagrangian
In this section we present the localization argument and compute the quadratic fluctuations
about the fixed point locus. We also add a gauge fixing term in the Lagrangian and give
the precise form of the partition function in terms of the determinants of the quadratic fluc-
tuations around the fixed point locus. We only consider contributions in the zero instanton
sector where the fixed point locus has a vanishing gauge field.
3.1 Fixed point locus
Let us modify the partition function path integral as follows:
Z [t] ≡
∫
DΦ e−S−tQV , (3.1)
where DΦ denotes the integration measure for all the fields, Q is a fermionic symmetry of
both the integration measure and the action and QV is positive semi-definite. The partition
function is then independent of the parameter t. This allows us to evaluate the partition
function at t → ∞, where it only receives contributions from quadratic fluctuations of the
fields about the locus of the zeros of QV .
For our purposes we choose Q to be the supersymmetry transformation generated by ǫ,
and V to be
V =
∫
ddx
√
g Tr′
(
ΨδǫΨ
)
, (3.2)
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where Tr′ is a positive definite inner product on the Lie algebra, which can be different than
the product used in the original action. We will drop the Tr′ sign henceforth for notational
simplicity. δǫΨ is given by
δǫΨ =
1
2
Γ˜MNFMNΓ
0ǫ+
αI
2
Γ˜µIφIΓ
0∇µǫ−KmΓ0νm. (3.3)
So, QV will be
QV =
∫
ddx
√
g δεΨδεΨ−
∫
ddx
√
gΨδε
(
δεΨ
) ≡ ∫ ddx√g Lb + ∫ ddx√gLf. (3.4)
The first and second terms in the above equation contain the bosonic and fermionic part of
the localization Lagrangian respectively. Let us now find the locus where the path integral
localizes when t→∞. The bosonic part is [8]
Lb = 1
2
FMNF
MN − 1
4
FMNFM ′N ′
(
ǫΓMNM
′N ′0ǫ
)
+
βdαI
4
FMNφI
(
ǫΛ(Γ˜I Γ˜MNΓ0 − Γ˜0ΓIΓMN)ǫ
)
−KmKmv0 − βdα0φ0Km (νmΛǫ) + β
2d2
4
∑
I
(αI)
2φIφ
Iv0.
(3.5)
We choose the spinor ǫ such that v0 = 1 and v8 = v9 = 0. Then the fixed point condition in
the zero instanton sector can be written as
∇µφI∇µφI − (Km + 2β(d− 3)φ0 (νmΛǫ))2 + β
2d2
4
∑
I 6=0
(αI)
2φIφ
I = 0, (3.6)
All terms on the left hand side of the above equation are positive definite if fields Km and
φ0 are imaginary. So the fixed point locus is given by
Km = −2β(d− 3)φ0 (νmΛǫ) , φ0 = const = φcl0 ≡
σ
r
, φJ = 0 (J 6= 0) . (3.7)
The dimensionless variable σ is an element of the Lie algebra and parameterizes the fixed
point locus. The action evaluated at the fixed point becomes
Sfp =
Vd
g2YM
(d− 1)(d− 3)
r2
Tr
(
φcl0 φ
cl
0
)
=
8π
d+1
2 rd−4
g2YMΓ
(
d−3
2
)Tr σ2, (3.8)
where Vd is the volume of the d-dimensional sphere.
3.2 Quadratic fluctuations
The next step is to move away from the localization locus by perturbing the fields about
their fixed point values. We write
Φ′ = Φcl +
1√
t
Φ, (3.9)
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for all fields Φ′ in QV , with Φcl being their value at the fixed point. In the t→∞ limit, the
only terms that survive in the localization Lagrangian are quadratic in the perturbations Φ.
Details of the computation of quadratic fluctuations about the fixed point locus are given in
Appendix B. Here we briefly summarize our results.
The bosonic fluctuations for the vector multiplet takes the following form
Lbv.m = AM˜ OM˜ N˜ AN˜ − [AM˜ , φcl0 ][AM˜ , φcl0 ]
−KmKm − 4β(d− 3)φ 0Km(νmΛǫ)− φ 0
(−∇2 + 4β2(d− 3)2)φ0. (3.10)
The indices with a tilde take the values as defined below
M˜ = {µ, i}, µ = 1, 2, · · · , d, i = d+ 1, · · ·D, (3.11)
where D = 5(3) for theories with eight(four) supersymmetries. Aµ is the usual vector field,
while fields Ai denote scalars in the vector multiplet other than φ0. The operator OM˜ N˜ is
defined as
OM˜ N˜ = −δM˜ N˜∇2 + αM˜ N˜ − 2β(d− 3)ǫΓM˜ νN˜89ǫ∇ν . (3.12)
αM˜
N˜ is a diagonal matrix given by
αM˜
N˜ = 4β2
(
(d− 1) δνµ 0
0 δji
)
. (3.13)
The fermionic fluctuations for the vector multiplet can be written as
Lfv.m =
(
ψ /∇ψ)+ (ψΓ0 [φcl0 , ψ])− 12(d− 3)βvM˜
(
ψΓ0Γ˜M˜Λψ
)
− 1
4
(d− 3)β
(
ǫΓ˜M˜N˜Λǫ
) (
ψΓ0ΓM˜N˜ψ
)
+mψ (ψΛψ) .
(3.14)
Here mψ =
d−1
2
for eight supersymmetries and mψ = (d− 2) for four supersymmetries.
For theories with eight supersymmetries we have one hypermultiplet. The bosonic part
contains four scalars. Their contribution to the quadratic fluctuations can be written as
Lbh.m =
9∑
i=6
[
φi
(−∇2 + β2(d− 2 + 2iσiµ)2)φi − [φcl0 , φi][φcl0 , φi]]
+ 4β (2iµ− 1)φ6vµ∇µφ7 + 4β (2iµ+ 1)φ8vµ∇µφ9.
(3.15)
For the hypermultiplet fermions we have
Lfh.m =
(
χ /∇χ)+ (χΓ0[φcl0 , χ])− 12β
(
ǫΓ˜M˜N˜Λǫ
) (
χΓ0ΓM˜N˜χ
)
+ 2iµβvN˜
(
χΓ0Γ˜N˜Λχ
)
. (3.16)
For the case of four supersymmetries we have three chiral multiplets. The chiral multiplet
part contains six scalars. Their contribution to the quadratic fluctuations is given by
Lbc.m =
3∑
ℓ=1
[
φIℓ
(−∇2 + β2(d− 2 + 2iσ(ℓ)µℓ)2)φIℓ − [φcl0 , φIℓ][φcl0 φIℓ ]]
+ 4β
(
2iµℓ − σ(ℓ)
)
φ2ℓ+2v
µ∇µφ2ℓ+3.
(3.17)
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Finally the contribution from the chiral multiplet fermions is
Lfc.m =
3∑
ℓ=1
(
χℓ /∇χℓ
)
+
(
χℓΓ
0[φcl0 , χℓ]
)− 1
2
β
(
ǫΓ˜M˜N˜Λǫ
) (
χℓΓ
0ΓM˜N˜χℓ
)
+ σ(ℓ)β
(
2iµℓv
N˜
(
χiΓ
0Γ˜N˜Λχℓ
)
+ χiΛχℓ
)
.
(3.18)
3.3 Gauge fixing
With the expressions for quadratic fluctuations in hand, let us give the precise form of the
partition function in terms of quadratic fluctuations. To compute the partition function
we need to add a gauge fixing term. In the computation of the quadratic fluctuations, we
employed the Lorenz gauge, so we need to use the following gauge fixing term
Sg.f = −
∫
ddx
√
gTr
(
b∇µA′µ − c¯∇2c
)
. (3.19)
Here b is the Lagrange multiplier which enforces the Lorenz gauge condition in the path
integral. c, c¯ are the usual Fadeev-Popov ghosts. A′µ denotes the off-shell gauge field which
can be decomposed as
A′µ = Aµ +∇µφ, (3.20)
where Aµ is divergenceless and φ encodes the pure divergence part.
To compute the partition function one now has to integrate over the following set of
fields:
b, c, c¯, φ,Km, φ0, Aµ, φI 6=0,Ψ. (3.21)
The first six give the following contributions:
• The b ghosts give a factor of δ (∇µA′µ) = δ (∇2φ).
• The c and c¯ ghosts give a factor of det (∇2).
• The gauge parameter φ has two contributions. There is a Jacobian factor √det∇2
coming from the change of integration measure D∇µφ → Dφ, while the integration
over φ gives a factor of (det∇2)−1 coming from the delta function δ (∇2φ).
• The contribution of the auxiliary fields Km is trivial. It gets rid of the mass term for
the scalar field φ0 in the quadratic fluctuations.
• The scalar φ0 gives a factor of (
√
det∇2)−1.
These factors cancel and the partition function reduces to
Z =
∫
dσe−Sfp(σ)
∫
DAµDφI 6=0DΨe−Squad(φ0=2βσ). (3.22)
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Since the integrand is invariant under the adjoint action of the gauge group, we can
replace the integral over the entire Lie algebra with an integral over a Cartan subalgebra.
This introduces a Vandermonde determinant and we can write the partition function, with
some convenient normalization as follows:
Z =
∫
[dσ]Cartan e
−Sfp(σ)
∏
α
i〈α, σ〉
∫
DAµDφI 6=0DΨe−Squad(φ0=2βσ). (3.23)
Now, what is left to be computed is the integral over the fields Aµ,ΦI 6=0 and Ψ. Before
doing that, let us comment on the decomposition of the fields and quadratic fluctuations in
terms of the root vectors of the Lie algebra. Schematically, bosonic quadratic fluctuations
are given by
Lb = Tr′ (Φ · Ob · Φ− [Φ, φcl0 ] [Φ, φcl0 ]) . (3.24)
Let us expand the field Φ in the Cartan-Weyl basis. The component of Φ along the Cartan
generators only contributes an uninteresting φcl0 independent overall constant to the partition
function, and so we do not need to focus on that part. Next, we can write Φ as:
Φ =
∑
α
ΦαEα, (3.25)
where Eα are the root vectors of the Lie algebra. They are normalized so that Tr
′ (EαEβ) =
δα+β . Using [σ, Eα] = 〈α, σ〉Eα, the quadratic fluctuations can be written as
Lb =
∑
α
Φ−α · (Ob + 4β2〈α, σ〉2) · Φα. (3.26)
Similarly the fermionic quadratic fluctuations can be decomposed as
Lf = Tr′ (ΨΓ0OfΨ+ΨΓ0 [φcl0 ,Ψ]) = ∑
α
Ψ−αΓ0
(Of + 2β〈α, σ〉)Ψα. (3.27)
After integrating over the quadratic fluctuations in Lb,f one gets:∫
DΦDΨe−
∫
ddx
√
g(Lb+Lf) =
∏
α
det
(Of + 2β〈α, σ〉)
Ψ√
det (Ob + 4β2〈α, σ〉2)
Φ
. (3.28)
Hence to compute the one-loop determinants one needs to diagonalize the action of the
“quadratic” operators Of,b appearing in the quadratic fluctuations. We turn to this compu-
tation in the next section.
4 Determinants for eight supersymmetries
In this section we compute the determinants for theories with eight supersymmetries. We
compute the determinants for bosons and fermions separately and then combine them to see
that after a large cancellation the results match exactly with the conjectured form in [10].
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4.1 Vector multiplet
Let us first compute the determinant for the vector multiplet. We start by introducing
a complete set of basis elements that span spinor and vector harmonics on Sd. Then we
diagonalize the action of the quadratic operator on these basis elements.
4.1.1 Complete set of basis elements
To compute the determinants we need to diagonalize the action of the quadratic operator.
This can be done by using a suitable set of basis elements. To this end, we define spinors
η± ≡
(
1± iΓ67) ǫ = (1∓ iΓ89) ǫ, η˜± ≡ (Γ68 ± iΓ69) ǫ, (4.1)
which satisfy
Γ89η± = ±iη±, Γ˜0vM˜ΓM˜η± = η±, (4.2)
Γ89η˜± = ±iη˜±, Γ˜0vM˜ΓM˜ η˜± = η˜±. (4.3)
We can now build a basis for the vector multiplet fermions by using the spinors η±, η˜± and
the scalar spherical harmonics Y km. Scalar spherical harmonics are labelled by the eigenvalues
of the Laplacian and the Cartan generator along the vector vµ:
∇2Y km = −4β2k(k + d− 1), vµ∇µY km = 2iβmY km. (4.4)
The definitions of our spinor harmonics and their eigenvalues under operators Γ89 and
Γ˜0v
M˜ΓM˜ are given in table 1.
Spinor harmonics Γ89-eigenvalue Γ˜0v
M˜Γ
M˜
-eigenvalue
X 1± ≡ Y kmη± ±i +1
X˜ 1± ≡ Y kmη˜± ±i −1
X 2± ≡ Γ˜0ΓM˜∇ˆM˜Y kmη±, for m 6= ±k ±i +1
X˜ 2± ≡ Γ˜0ΓM˜∇ˆM˜Y kmη˜±, for m 6= ∓k ±i −1
Table 1: Spinor harmonics basis and corresponding eigenvalues.
Here ∇ˆM˜ is defined as
∇ˆM˜ ≡ ∇M˜ − vM˜v · ∇. (4.5)
X 2± and X 2∓ vanish identically for m = ±k (see appendix D for a proof). The set of spinors
with a ‘+’ subscript is related to the set with a ‘−’ subscript via complex conjugation. We
take the standard approach [4] that the Euclidean action is an analytical functional in the
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space of complexified fields and integrate over a certain half-dimensional subspace in the
path integral. With this in mind, we will focus on the basis for spinors with Γ89 eigenvalue
+i.
Let us show that set of spinors in table 1 provide a complete set of basis elements for
the vector multiplet fermions on Sd. To do so, we compute the action of the Dirac operator,
Γ˜0 /∇, on these spinors using
Γ˜0 /∇η+ = +idη+, Γ˜0 /∇Y km = Γ˜0ΓM˜∇ˆM˜Y km + 2imβY km. (4.6)
This gives
Γ˜0Γ
µ∇µX 1+ = 2iβ
(
m+
d
2
)
X 1+ + X 2+. (4.7)
Next we note that X 2+ can be written as
X 2+ = Γ˜0 /∇Y kmη+ − 2imβX 1+. (4.8)
The action of Γ˜0 /∇ can now be worked out by using eq. (4.6), eq. (4.7) and the fact that(
Γ˜0 /∇
)2
= ∇2, which gives
Γ˜0Γ
µ∇µX 2+ = −4β2 (k −m) (k +m+ d− 1)X 1+ − 2iβ
(
m+
d− 2
2
)
X 2+. (4.9)
Similarly, for X˜ 1,2+ one finds
Γ˜0Γ
µ∇µX˜ 1+ = 2iβ
(
m− d
2
)
X˜ 1+ + X˜ 2+, (4.10)
Γ˜0Γ
µ∇µX˜ 2+ = −4β2(k +m) (k −m+ d− 1) X˜ 1+ − 2iβ
(
m− d− 2
2
)
X˜ 2+. (4.11)
Now we diagonalize the action of Γ˜0 /∇ on the spinor basis to get the eigenvalues
±2iβ
(
k +
d
2
)
, ∓2iβ
(
k − 1 + d
2
)
for m 6= +k. (4.12)
By shifting k in the second set of eigenvalues, we can arrange the spinor harmonics into two
sets of eigenstates of the Dirac operator, with eigenvalues ±2iβ (k + d
2
)
whose degeneracy
degf (k, d), is given by
degf (k, d) = Dk (d, 0) +Dk+1 (d, 0)−Nk+1,d, (4.13)
where Dk (d, r) is the total degeneracy of symmetric traceless, divergence-less rank-r tensors
defined on Sd [25]. Nm,d is the number of scalar harmonics Y
k
m for the case of eight super-
symmetries. The explicit expressions for these degeneracies are given in appendix C. Using
these expressions we get
degf (k, d) = 4
Γ (k + d)
Γ (d) Γ (k + 1)
. (4.14)
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For d = 4, 5 this is equal to the degeneracy of spinor harmonics on Sd [26] and for d = 2, 3
this is twice the degeneracy of spinor harmonics, as expected. Hence, we conclude that the
set of spinors defined in table 1 provides a complete basis for the vector multiplet fermions
in the case of eight supersymmetries.
Next we use the spinor basis to construct a basis for the fields AM˜ . We define
A1
M˜
≡ (ǫΓM˜X 1+)+ c1∇M˜Y km = (ǫΓM˜X 1−)+ c1∇M˜Y km = vM˜Y km + c1∇M˜Y km,
A2
M˜
=
i
2
(
ǫΓM˜X 2+ − ǫΓM˜X 2−
)
+ c2∇M˜Y km = ǫΓM˜ µΛǫ∇µY km + c2∇M˜Y km,
A3
M˜
≡ ǫΓM˜µΓ069ǫ∇µY km =
−i
2
(
ǫΓM˜ X˜ 2+ − ǫΓM˜ X˜ 2−
)
,
A4
M˜
≡ ǫΓM˜µΓ079ǫ∇µY km =
1
2
(
ǫΓM˜ X˜ 2+ + ǫΓM˜ X˜ 2−
)
.
(4.15)
Here c1, c2 are constants which are determined by the condition that A1µ and A2µ should be
divergenceless:
c1 =
im
2βk(k + d− 1) , c
2 =
(d− 1)im
k(k + d− 1) . (4.16)
There is another bilinear involving spinors X 2±, which is equal to a linear combination of a
pure divergence term and A1
M˜
ǫΓM˜X 2+ + ǫΓM˜X 2− = 2∇M˜Y km − 4imβvM˜Y km. (4.17)
Since X 2± vanishes identically form = ±k, we see thatA1 andA2 are not linearly independent
for m = ±k:
A2
M˜
= −2kβA1
M˜
, for m = ±k. (4.18)
Similarly, A3 and A4 are proportional to each other for m = ±k.
Let us now show that the bosonic fields defined in eq. (4.15) provide a complete basis for
bosons in the vector multiplet6. We do so by diagonalizing the action of ∇2 on AM˜ . It acts
on the vector field vM˜ to give
∇2vµ = −4β2 (d− 1) vµ, ∇2vi = −4β2dvi. (4.19)
Using this along with
∇2∇µY km = −4β2 (k(k + d− 1)− (d− 1))∇µY km, ∇µvM˜ = 2βǫΓM˜µΛǫ, (4.20)
gives us the action of ∇2 on the A1
M˜
∇2A1µ = −4β2 [k(k + d− 1) + d− 1]A1µ + 4βA2µ,
∇2A1i = −4β2 [k(k + d− 1) + d]A1i + 4βA2i .
(4.21)
6Excluding the scalar field φ0.
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To find the action of ∇2 on A2
M˜
we need to know how the operators ∇λ and ∇2 act on more
complicated bilinears. Using the Killing spinor equation and the fact that ǫ˜ = βΛǫ, one
gets
∇2ǫΓµνΛǫ = −8β2ǫΓµνΛǫ, ∇2ǫΓiνΛǫ = −4β2ǫΓiνΛǫ,
∇λ (ǫΓM˜ µΛǫ)∇λ∇µY km = 8β3k(k + d− 1)vM˜Y km + 4β2δM˜µ
(
im∇µY km + ǫΓµνΛǫ∇νY km
)
.
(4.22)
Using these results we find that
∇2A2µ = 16β3k(k + d− 1)A1µ − 4β2 (k(k + d− 1)− (d− 1))A2µ,
∇2A2i = 16β3k(k + d− 1)A1i − 4β2 (k(k + d− 1)− (d− 2))A2i .
(4.23)
The action of ∇2 on A3,4 can be computed in a similar way. The following results are
necessary for this calculation:
∇2ǫΓM˜ νΓ0I9ǫ = −4β2(d− 2)ǫΓM˜ ν0I9ǫ, ∇λǫΓM˜ νΓ0I9ǫ∇λ∇νY km = 0, for I = 6, 7.
(4.24)
This gives
∇2A3,4µ = −4β2 (k(k + d− 1)− 1)A3,4µ ,
∇2A3,4i = −4β2k(k + d− 1)A3,4i .
(4.25)
The eigenvalues of ∇2 acting on the vector and the scalar parts of AM˜ are given below. The
first term in each row corresponds to Aµ and the second to Ai:
−4β2 (k(k − 3) + d(k − 1) + 1) , −4β2 (k − 1) (k + d− 2) ,
−4β2 (k (k + d+ 1) + d− 1) , −4β2 (k + 1) (k + d) ,
−4β2 (k (k + d− 1)− 1) , −4β2k (k + d− 1) .
(4.26)
These eigenvalues correspond to the following linear combinations of the basis
A1
M˜
+ 2β (k + d− 1)A2
M˜
, A1
M˜
− 2βkA2
M˜
, A3
M˜
∓ iA4
M˜
. (4.27)
For m = ±k, we use the fact that A2
M˜
= −2βkA1
M˜
to see that the first eigenvalue
in eq. (4.26) does not contribute. Similarly, A3
M˜
∓ iA4
M˜
vanish identically for m = ±k so
corresponding eigenvalues do not contribute. By shifting k, we can rearrange the basis into
vector and scalar harmonics with eigenvalues
−4β2 (k (k + d− 1)− 1) , −4β2k (k + d− 1) , (4.28)
respectively. The total number of harmonics is given by
degb (k, d) = Dk+1 (d, 0) +Dk−1 (d, 0) + 2Dk (d, 0)− 2Nk+1,d − 2Nk,d. (4.29)
Using the explicit expressions for the degeneracies provided in appendix C we get
degb (k, d) = (5− d)Dk (d, 0) +Dk (d, 1) . (4.30)
So we deduce that the basis defined in eq. (4.15) provides a complete set of harmonics for
the vector multiplet in the case of eight supersymmetries.
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4.1.2 One-loop determinant for bosons
Let us now compute the one-loop determinant for vector multiplet bosons. We need to
diagonalize the action of the operator OM˜ N˜ defined in equation eq. (3.12)
OM˜ N˜ = −δN˜M˜∇2 + αM˜ N˜ − 2β(d− 3)ǫΓM˜ νN˜89ǫ∇ν . (4.31)
The matrix αM˜
N˜ is defined in eq. (3.13). The action of ∇2 on the basis is given in equa-
tions (4.21), (4.23) and (4.25). The next non-trivial part of the operator OM˜ N˜ involves
ǫΓM˜
λN˜89ǫ∇λ. For A1 we have
ǫΓM˜
λN˜89ǫ∇λA1N˜ = 2βǫΓM˜ λN˜89ǫ ǫΓN˜λΛǫY km + ǫΓM˜ λN˜89ǫ vN˜∇λY km. (4.32)
The term multiplying Y km and its derivative can be simplified using triality.
ǫΓµ˜
λN˜89ǫ ǫΓN˜λΛǫ = −(d− 1)vµ, ǫΓiλN˜89ǫ ǫΓN˜λΛǫ = −dvi, ǫΓM˜ λN˜89ǫ ǫΓN˜ ǫ = ǫΓM˜ λΛǫ.
(4.33)
Using these relations, we get
ǫΓµ
λN˜89ǫ∇λA1N˜ = −2β(d− 1)A1µ +A2µ,
ǫΓi
λN˜89ǫ∇λA1N˜ = −2βdA1i +A2i .
(4.34)
The action on A2
N˜
can be computed in a similar manner:
ǫΓµ
λN˜89ǫ∇λA2N˜ = 4β2k(k + d− 1)A1µ,
ǫΓi
λN˜89ǫ∇λA2N˜ = 4β2k(k + d− 1)A1i − 2βA2i .
(4.35)
However, the computation for A3,4
M˜
is slightly different. We have
ǫΓM˜
λN˜89ǫ∇λ AI−3N˜ = ǫΓM˜ λN˜89ǫ∇λ
[
ǫΓN˜
ν0I9ǫ∇νY km
]
, (4.36)
where I = 6, 7 corresponds to A3,A4 respectively. First we note that
∇λ
(
ǫΓM˜
λN˜89ǫ
)
= 2βdǫΓM˜
N˜0ǫ = 0. (4.37)
So we can write the right-hand side of equation (4.36) as a total derivative. Next we use the
following relation due to triality,
ǫΓM˜
λN˜89ǫ ǫΓN˜
ν0I9ǫ = −ǫΓM˜ νλI8ǫ− vνǫΓM˜ λ0I8ǫ , (4.38)
which allows us to write
ǫΓM˜
λN˜89ǫ∇λ AI−3N˜ = −∇λ
(
ǫΓM˜
νλI8ǫ∇νY km + 2imβǫΓM˜ λ0I8Y km
)
. (4.39)
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This can be now computed using the Killing spinor equation and the triality identity, result-
ing in
ǫΓµ
λN˜89ǫ∇λ
(A3
N˜A4
N˜
)
= −2β
(
d− 2 im
−im d− 2
)(A3µ
A4µ
)
,
ǫΓi
λN˜89ǫ∇λ
(A3
N˜A4
N˜
)
= −2β
(
d− 1 im
−im d− 1
)(A3i
A4i
)
.
(4.40)
The action of the complete operator on the set of basis vectors can be written in the following
compact form:(OA1)
M˜
= 4β2
[
k(k + d− 1) + (d− 1)2]A1
M˜
− 2β (d− 1)A2
M˜
,(OA2)
M˜
= −8β3k(d− 1)(k + d− 1)A1
M˜
+ 4β2k(k + d− 1)A2
M˜
,(OA3)
M˜
= 4β2
[
k(k + d− 1 + (d− 2)2]A3
M˜
+ 4iβ2m(d − 3)A4
M˜
,(OA4)
M˜
= 4β2
[
k(k + d− 1) + (d− 2)2]A4
M˜
− 4iβ2m(d− 3)A3
M˜
.
(4.41)
The corresponding eigenvalues are
4β2k2, 4β2 (k + d− 1)2 , 4β2 [k(k + d− 1) + (d− 2)2 ±m(d− 3)] . (4.42)
Including the contribution from different roots and taking into account the degeneracy of
the basis, we get the one-loop determinant for the bosonic part of the vector multiplet:
Zvec1−loop
∣∣∣
b
=
∏
α
∞∏
k=1
[
4β2
(
k2 + 〈α, σ〉2)]Dk(d,0)2 −Nk,d ∞∏
k=0
[
4β2
(
(k + d− 1)2 + 〈α, σ〉2)]Dk(d,0)2
k=∞∏
k=1
m=k−1∏
m=−k
[
4β2
(
k (k + d− 1) + (d− 2)2 + (d− 3)m+ 〈α, σ〉2)]Nm,d .
(4.43)
4.1.3 One-loop determinant for fermions
Next, we calculate the contribution to the one-loop determinant from the vector multiplet
fermions. We will use the basis with the ‘+’ subscript introduced in Table 1. We need to
diagonalize the action of the following operator:
Ofv.m = Γ˜0 /∇−
1
2
(d− 3)βvM˜ Γ˜M˜Λ−
1
4
(d− 3)β
(
ǫΓ˜M˜N˜Λǫ
)
ΓM˜N˜ +
1
2
(d− 1) Γ89. (4.44)
The action of Γ˜0 /∇ has been computed in eqs. (4.7), (4.9) and (4.10). The second operator
can be written as
vM˜ΓM˜Λ = Γ
89
(
Γ˜0v
M˜ΓM˜
)
. (4.45)
The spinor basis elements have definite eigenvalues under the action of Γ89 and Γ˜0v
M˜ΓM˜ as
given in Table 1. Hence the action of the second and the last operator on the righthand side
of eq. (4.44) is trivial to evaluate.
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The action of the third term appearing in Ofv.m can be obtained using triality.
ǫΓM˜N˜ΛǫΓM˜N˜X 1+ = −4iX 1+, ǫΓM˜N˜ΛǫΓM˜N˜ X˜ 1+ = +4iX˜ 1+,
ǫΓM˜N˜ΛǫΓM˜N˜X 2+ = ǫΓM˜N˜ΛǫΓM˜N˜ X˜ 2+ = 0.
(4.46)
We get the action of the full operator on the spinor basis to be
Ofv.mX 1+ = 2iβ (m+ (d− 1))X 1+ + X 2+,
Ofv.mX 2+ = −4β2(k −m)(k +m+ d− 1)X 1+ − 2iβmX 2+,
Ofv.mX˜ 1+ = 2iβ (m− (d− 2)) X˜ 1+ + X˜ 2+,
Ofv.mX˜ 2+ = −4β2(k +m)(k −m+ d− 1)X˜ 1+ − 2iβ (m− (d− 2)) X˜ 2+.
(4.47)
For m 6= ±k, all of the above spinors contribute to the determinant. The contribution from
X 1,2+ and X˜ 1,2+ is
4β2 k (k + d− 1) , 4β2 [k(k + d− 1)−m(d− 3) + (d− 2)2] , (4.48)
respectively. However, as discussed earlier, X 2+(X˜ 2+) vanishes identically for m = k(−k). So
for m = k(−k), the first(second) term in eq. (4.48) is replaced by the eigenvalue correspond-
ing to X 1+(X˜ 1+):
Ofv.mX 1+ = +2iβ (k + (d− 1))X 1+,
Ofv.mX˜ 1+ = −2iβ (k + (d− 2)) X˜ 1+.
(4.49)
Including the contribution from different roots, the one-loop determinant for the fermions is
given by
Zvec1−loop
∣∣∣
f
=
∏
α
∞∏
k=0
[2iβ (k + d− 1− i〈α, σ〉)]Dk(d,0)
∞∏
k=1
[−2iβ (k + i〈α, σ〉)]Dk(d,0)−Nk,d
∞∏
k=0
[−2iβ (k + d− 2 + i〈α, σ〉)]Nk,d
k−1∏
m=−k
[
4β2
(
k (k + d− 1) +m (d− 3) + (d− 2)2 + 〈α, σ〉2)]Nm,d .
(4.50)
Combining this with the bosonic determinant, we see that most terms cancel and in the
end we are left with:
Zvec1−loop
∏
α
i〈α, σ〉 =
∏
α
∞∏
k=0
[(k + i〈α, σ〉) (k + d− 2 + i〈α, σ〉)]Nk,d . (4.51)
With Nk,d given in eq. (C.7) this matches exactly with the conjecture in [10].
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4.2 Hypermultiplet
In this section we compute one-loop determinants for a hypermultiplet with eight super-
symmetries. We proceed in the same manner as for the vector multiplet by introducing a
complete set of states and then computing the eigenvalues and degeneracies of the quadratic
operator.
4.2.1 One-loop determinant for bosons
The bosonic part of the quadratic fluctuations about the fixed point locus for the hypermul-
tiplet is given in eq. (3.15).
Lbh.m (µ) =
9∑
i=6
[
φi
(−∇2 + β2(d− 2 + 2iσiµ)2)φi − [φcl0 , φi][φcl0 , φi]]
+ 4β (2iµ− 1)φ6vµ∇µφ7 + 4β (2iµ+ 1)φ8vµ∇µφ9.
(4.52)
We see that φ6,7 and φ8,9 mix under the action of the kinetic operator. We use Y
k
m to
diagonalize the action of the operator appearing in eq. (4.52). The eigenvalues for φ6,7 are
4β2
(
k (k + d− 1) +
(
d− 2
2
+ iµ
)2
±m (2iµ− 1)
)
. (4.53)
The eigenvalues for φ8,9 are the same as above with µ → −µ. Including the contribution
from different roots, the bosonic part of the one-loop determinant is given by
Zhyp1−loop
∣∣∣
b
=
∏
α
k=∞∏
k=0
k∏
m=−k
[
4β2
(
k (k + d− 1) +
(
d− 2
2
+ iµ
)2
+ 〈α, σ〉2 +m (2iµ− 1)
)]Nm,d
[
4β2
(
k (k + d− 1) +
(
d− 2
2
− iµ
)2
+ 〈α, σ〉2 −m (2iµ+ 1)
)]Nm,d
,
(4.54)
where we have used the fact that in the product positive and negative values of m come in
pairs, so the product is invariant under m↔ −m.
4.2.2 One-loop determinant for fermions
The relevant part of quadratic fluctuations is given in eq. (3.16). We need to compute the
determinant of the operator
Ofh.m = Γ˜0 /∇−
1
2
β
(
ǫΓ˜M˜N˜Λǫ
)
ΓM˜N˜ + 2iµβv
N˜ Γ˜N˜Λ. (4.55)
To diagonalize the action of this operator, we construct a complete basis for the hypermul-
tiplet fermions. We define the spinors
λ+ = (Γ6 + iΓ7) ǫ, λ˜+ = (Γ8 + iΓ9) ǫ, (4.56)
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which satisfy
Γ89λ+ = +iλ+, Γ˜0Γ
M˜vM˜λ+ = −λ+ , (4.57)
Γ89λ˜+ = +iλ˜+, Γ˜0Γ
M˜vM˜ λ˜+ = −λ˜+ . (4.58)
Now we define the spinor harmonics, using the spinors λ1,2+ and the scalar spherical harmonics
Y km:
X 1+ = Y kmλ+, X 2+ = Γ˜0Γµ
(
∇ˆµY km
)
λ+,
X˜ 1+ = Y kmλ˜+, X˜ 2+ = Γ˜0Γµ
(
∇ˆµY km
)
λ˜+.
(4.59)
The spinors X 2+(X˜ 2−) vanish identically for m = k(−k). An analysis similar to the one
in section 4.1.1 shows that the basis defined above, provides a complete set of spinor har-
monics on Sd for hypermultiplet fermions. The action of the operator on these basis elements
can be computed in an analogous fashion to the vector multiplet fermions, resulting into
Ofh.mX 1+ = −2iβ
(
m+
(
d− 2
2
+ iµ
))
X 1+ + X 2+,
Ofh.mX 2+ = −4β2(k −m)(k +m+ d− 1)X 1+ + 2iβ
(
m+
(
d− 2
2
+ iµ
))
X 2+,
Ofh.mX˜ 1+ = −2iβ
(
m−
(
d− 2
2
− iµ
))
X˜ 1+ + X˜ 2+,
Ofh.mX˜ 2+ = −4β2(k +m)(k −m+ d− 1)X˜ 1+ + 2iβ
(
m−
(
d− 2
2
− iµ
))
X˜ 2+.
(4.60)
For m 6= ±k, the contribution to the determinant from these basis elements is given by
X 1,2+ : 4β2
(
k(k + d− 1) +m (2iµ− 1) +
(
d− 2
2
+ iµ
)2)
,
X˜ 1,2+ : 4β2
(
k(k + d− 1) +m (2iµ+ 1) +
(
d− 2
2
− iµ
)2)
.
(4.61)
For m = k (−k), only X 1+(X˜ 1+) contributes to the first(second) term in eq. (4.61).
Ofh.mX 1+ = −2iβ
(
k +
(
d
2
+ iµ− 1
))
X 1+ ,
Ofh.mX˜ 1+ = −2iβ
(
k +
(
d
2
− iµ − 1
))
X˜ 1+ .
(4.62)
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After including the contribution from roots, the fermionic part of the one-loop determinant
is given by
Zhyp1−loop
∣∣∣
f
=
∏
α
k=∞∏
k=0
k−1∏
m=−k
[
4β2
(
k(k + d− 1) +m (2iµ− 1) +
(
d− 2
2
+ iµ
)2
+ 〈α, σ〉2
)]Nm,d
[
4β2
(
k(k + d− 1)−m (2iµ+ 1) +
(
d− 2
2
− iµ
)2
+ 〈α, σ〉2
)]Nm,d
[
4β2
((
k +
d− 2
2
+ iµ
)
− i〈α, σ〉
)((
k +
d− 2
2
− iµ
)
+ i〈α, σ〉
)]Nk,d
.
(4.63)
Combining this with the bosonic determinant and after many cancellations, we are left with:
Zhyp1−loop =
∏
α
k=∞∏
k=0
[(
k +
d− 2
2
+ iµ+ i〈α, σ〉
)(
k +
d− 2
2
− iµ− i〈α, σ〉
)]−Nk,d
. (4.64)
This matches with the conjectured form in [10].
5 Determinants for four supersymmetries
In this section we will compute one-loop determinants for theories with four supersymmetries.
Most of the computation is similar to the case of eight supersymmetries. However there is
an additional subtlety in the construction of complete sets of basis elements.
5.1 The complete set of basis elements
One can verify that only the first two of the spinors defined in Table 1 have +1 eigenvalue for
Γ′ and hence belong to the vector multiplet of theories with four supersymmetries. However,
they do not provide a complete set of basis elements for spinor harmonics. To see this, recall
that eigenvalues of the Dirac operator acting on X 1,2+ are given in eq. (4.12). By shifting
the value of k, one can arrange them into spinor harmonics with eigenvalues ±2iβ (k + d
2
)
.
However the degeneracy of positive and negative eigenvalues is not the same.
deg+ = Dk (d, 0) , deg− = Dk+1 (d, 0)− nk+1,d. (5.1)
Here nm,d denotes the number of scalar harmonics Y
k
m for the case of four supersymmetries.
This differs from Nm,k, as the vector field vµ now vanishes only on an S
2−d. An explicit
expression for nk,d is provided in appendix C. Using that, we get
deg− = 2
Γ (k + d)
Γ (d) Γ (k + 1)
, (5.2)
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which is equal to the degeneracy of spinor harmonics on Sd for d = 2, 3. Clearly deg+ is
different. Moreover one can show that:
deg− (k, d) − deg+ (k, d) = nk,d. (5.3)
So X 1+ and X 2+ do not provide a complete basis for the spinor harmonics. This can be fixed
by including another spinor X 1′+ , which has the correct eigenvalue and degeneracy,
X 1′± = Γ0579η∓Y k∓k, Γ˜0 /∇X 1
′
± = ±2iβ
(
k +
d
2
)
X 1′± . (5.4)
So a complete basis for spinor harmonics is provided by X 1+,X 2+ and X 1′+ .
For the vector multiplet bosons we use the following basis
A1
M˜
= vM˜Y
k
m + c
1∇M˜Y km
A2
M˜
= ǫΓM˜
µΛǫ∇µY km + c2∇M˜Y km
(5.5)
These are the first two basis elements that we used for theories with eight supersymmetries
as defined in eq. (4.15). As discussed in section 4.1.1, these basis elements can be arranged
into vector and scalar harmonics on Sd with the total number given by
degb (k, d) = Dk+1 (d, 0) +Dk−1 (d, 0)− 2nk+1,d. (5.6)
Using explicit values one can show that
degb (k, d)−Dk (d, 1)− (3− d)Dk (d, 0) = −2nk−1,d 6= 0. (5.7)
Hence the above basis is not complete. We can complete it by including
A±
M˜
= ǫΓM˜X 1
′
± . (5.8)
The elements A±µ defined above are divergenceless. Their eigenvalues under action of Lapla-
cian are
∇2A±µ = −4β2 (k (k + d+ 1) + d− 1)A±µ , ∇2A±i = −4β2 (k + 1) (k + d)A±i . (5.9)
By shifting k → k − 1, we can put eigenvalues in the canonical form with the total number
of harmonics given by 2nk−1,d, precisely what is needed to complete the basis.
5.2 Vector multiplet
5.2.1 One-loop determinant for bosons
To compute the one loop determinant we need the action of the operator OM˜ N˜ on the basis
elements A1,2
M˜
and A±
M˜
. The computation for A1,2
M˜
was performed in detail in section 4.1.2.
Their contribution to the one-loop determinant is given by
∏
α
∞∏
k=1
[
4β2
(
k2 + 〈α, σ〉2)]Dk(d,0)−2nk,d ∞∏
k=0
[
4β2
(
(k + d− 1)2 + 〈α, σ〉2)]Dk(d,0) .
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The action of OM˜ N˜ on A±M˜ can be calculated using the same techniques as were employed
in section 4.1.2.
OM˜ N˜A±N˜ = 4β2 (k + d− 1)
2A±
M˜
. (5.10)
Including the contributions from all basis elements, we get the bosonic part of the one-loop
determinant:
Zvec1−loop
∣∣∣
b
=
∏
α
∞∏
k=1
[
4β2
(
k2 + 〈α, σ〉2)]Dk(d,0)2 −nk,d ∞∏
k=0
[
4β2
(
(k + d− 1)2 + 〈α, σ〉2)]Dk(d,0)2 +2nk,d .
(5.11)
5.2.2 One-loop determinant for fermions
The quadratic fluctuations for the vector multiplet fermions for the case of four supersym-
metries are given in eq. (3.14). We need to diagonalize the operator
Ofv.m = Γ˜0Γν∇ν −
1
2
(d− 3)βvM˜ΓM˜Λ−
1
4
β(d− 3)ǫΓM˜N˜ΛǫΓM˜N˜ + (d− 2)βΓ89 (5.12)
acting on X 1,2+ and X 1′+ . The details of this computation are similar to the case of eight
supersymmetries. One gets
Ofv.mX 1+ = 2iβ (m+ (d− 1)) X 1+ + X 2+,
Ofv.mX 2+ = −4β2(k −m)(k +m+ d− 1)X 1+ − 2iβmX 2+,
Ofv.mX 1
′
+ = +2iβ (k + d− 1)X 1
′
+ .
(5.13)
From this we get the one-loop determinant
Zvec1−loop
∣∣∣
f
=
∏
α
k=∞∏
k=1
[−2iβ (k + i〈α, σ〉)]Dk(d,0)−nk,d
∞∏
k=0
[2iβ (k + d− 1− i〈α, σ〉)]Dk(d,0)
k=∞∏
k=0
[−2iβ (k + d− 1− i〈α, σ〉)]nk,d .
(5.14)
Combining this result with the bosonic determinant, we get the the full one-loop determinant
for the vector multiplet:
Zvec1−loop
∏
α
i〈α, σ〉 =
∏
α
k=∞∏
k=0
[
(k + i〈α, σ〉)
(k + d− 1− i〈α, σ〉)
]nk,d
. (5.15)
One can check that for d = 3, this gives the correct one-loop determinant which matches
with the results in [2]. One can also check that eq. (5.15) agrees with the perturbative result
for two dimensional theories with (2, 2) supersymmetry [27, 28].
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5.3 Chiral multiplet
Let us now compute the one-loop determinants for the chiral multiplet. For the case of four
supersymmetries, the mass-deformed Lagrangian contains three chiral multiplets.
5.3.1 One-loop determinant for bosons
Let us consider the chiral multiplet containing the scalar fields φ4, φ5. The relevant bosonic
part of the quadratic fluctuations is given by∑
i=4,5
[
φi
(−∇2 + β2(d− 2 + 2iµ1)2)φi] − 4β (1− 2iµ1)φ4vµ∇µφ5. (5.16)
Using the scalar spherical harmonics, the action of the kinetic operator can be diagonalized
to obtain the one-loop determinant
Zchi1−loop (µ1)
∣∣∣
b
=
∏
α
∞∏
k=0
k∏
m=−k
[
4β2
(
k (k + d− 1) +
(
d− 2
2
+ iµ1
)2
+ 〈α, σ〉2 +m (1− 2iµ1)
)]nm,d
.
(5.17)
The determinant for scalar fields φ6,7 (φ8,9) is the same as the above expression, but with
µ1 → µ2(−µ3).
5.3.2 One-loop determinant for fermions
To compute the one loop determinant, we introduce a basis for the spinor harmonics as
before. We introduce three sets of basis elements for three types of chiral multiplets:
X 1+ℓ ≡ Y kmλ+ℓ, X 2+ℓ ≡ Γ0ΓM˜∇ˆM˜ Y kmλ+ℓ,
X 1′+ℓ ≡ Γ0579Y kmλ−ℓ, for m = − (−1)β1(ℓ)β2(ℓ) k,
(5.18)
where λ±ℓ is defined as
λ±ℓ = Γ0 (Γ2ℓ+2 ± Γ2ℓ+3) ǫ. (5.19)
The index ℓ = 1, 2, 3 corresponds to the three chiral multiplets. Now, we need to diagonalize
the action of the following operator
Ofc.m =
3∑
ℓ=1
Ofc.m,ℓ,
Ofc.m,ℓ = Γ˜0 /∇−
1
2
β
(
ǫΓ˜M˜N˜Λǫ
)
ΓM˜N˜ + σ(ℓ)β
(
2iµℓv
N˜ Γ˜N˜Λ + Γ
89
)
.
(5.20)
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Let us give the result for the ℓ = 1 explicitly:
Ofc.m,1X 1+1 = −2iβ
(
m+
d− 2
2
+ iµ1
)
X 1+1 + X 2+1 ,
Ofc.m,1X 2+1 = −4β2 (k −m) (k +m+ d− 1)X 1+1 + 2iβ
(
m+
d− 2
2
+ iµ1
)
X 2+1,
Ofc.m,1X 1
′
+1 = +2iβ
(
k +
d
2
− iµ1
)
X 1′+1.
(5.21)
From this, one gets the one-loop determinant for fermions:
Zchi1−loop (µ1)
∣∣∣
f
=
∏
α
k=∞∏
k=0
m=k−1∏
m=−k
[
4β2
((
d− 2
2
+ iµ1
)2
+m (2iµ1 − 1) + 〈α, σ〉2 + k (k + d− 1)
)]nm,d
k=∞∏
k=0
[
−2iβ
(
k +
d− 2
2
+ iµ1 + i〈α, σ〉
)]nk,d [
2iβ
(
k +
d
2
− iµ1 − i〈α, σ〉
)]nk,d
.
(5.22)
Combining this with the bosonic determinant, we get the full one-loop determinant for the
chiral multiplet:
Zchi1−loop (µ1) =
∏
α
k=∞∏
k=0
[
k + d
2
− iµ1 − i〈α, σ〉
k + d−2
2
+ iµ1 + i〈α, σ〉
]nk,d
. (5.23)
nk,d is given in eq. (C.8) The one-loop determinant for χ2(3) can be obtained by simply
replacing µ1 with µ2 (−µ3). Hence, the full one-loop determinant for the chiral multiplet
part is given by
Zchi1−loop (µ1, µ2, µ3) = Z
chi
1−loop (µ1)Z
chi
1−loop (µ2)Z
chi
1−loop (−µ3) . (5.24)
6 Analytic continuation to d = 4 with four supersym-
metries
Now that we have obtained expressions for partition functions with eight supersymmetries in
d ≤ 5 dimensions and four supersymmetries in d ≤ 3 dimensions, it is tempting to continue
the results to higher dimensions. In [11] this was done for eight supersymmetries where it
was shown that the results were consistent with the one-loop running of coupling constants
in flat space. In this section we consider continuing theories with four supersymmetries up
to d = 4 using the expressions in section 5.
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6.1 Consistency checks of analytic continuation
In this subsection we perform consistency checks on the analytic continuation with four
supersymmetries. We will show that in the gYM → 0 limit, the analytic continuation gives
the correct partition function for a free vector and free chiral multiplets on S4. We also show
that the analytic continuation gives the correct one-loop divergence for theories with four
supersymmetries in the decompactification limit.
Partition function of U(1) theory on S4
A U(1) gauge theory with four supersymmetries and massless adjoint matter in four dimen-
sions is free and conformal. Hence it can be conformally coupled to S4 and the partition
function can be explicitly computed. This matches with the result of our analytical contin-
uation as we demonstrate now.
Consider the chiral multiplet in the adjoint representation of the U(1) gauge group. Our
expressions for the one-loop determinants can then be simplified to take the form
Zchi1−loop =
∞∏
k=0
(
k + 2
k + 1
) (k+1)(k+2)
2
, Zvec1−loop =
∞∏
k=0
(k + 1)3(k+1) . (6.1)
The full partition function in this case is equal to the product of the one-loop determinants
up to an overall constant.
The chiral multiplet of N = 1 supersymmetry in four dimensions contains a two com-
ponent Weyl fermion and two real scalars. The conformally coupled action for a free chiral
multiplet on the sphere takes the following form:
SchiU(1) =
∫
d4x
√
g
(
1
2
[
φ1
(−∇2 + 8β2) φ1 + φ2 (−∇2 + 8β2) φ2]− ψ /∇ψ
)
. (6.2)
The partition function for the matter part is then given by
ZchiU(1) =
det /∇
det (−∇2 + 8β2) . (6.3)
The eigenvalues and the degeneracies of these operators are given in appendix C. Using these
we get
det /∇ =
∞∏
k=0
[
4β2 (k + 2)2
] (k+1)(k+2)(k+3)
3
=
∞∏
k=0
[2β (k + 2)]
(k+1)(k+2)(k+3)
3 [2β (k + 1)]
k(k+1)(k+2)
3 ,
(6.4)
where the last equality follows by splitting the product into two parts and shifting k → k−1
in one of the parts. Similarly, we have
det
(−∇2 + 8β2) = ∞∏
k=0
[
4β2 (k + 1) (k + 2)
] (2k+3)(k+2)(k+1)
6 . (6.5)
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Combing the the two factors of determinants, one gets
ZchiU(1) = Zchi1−loop =
∞∏
k=0
(
k + 2
k + 1
) (k+1)(k+2)
2
, (6.6)
which matches the analytic continuation.
Next let us compute the partition function for the vector multiplet. The N = 1 vector
multiplet in four dimensions contains a gauge field and a two-component Weyl fermion. The
relevant action on S4, with the gauge fixing term included is given by
SvecU(1) =
∫
d4x
√
g
(
A′ν
[
δν
µ
(−∇2 + 12β2)+∇ν∇µ]A′µ − ψ /∇ψ
+ b∇µA′µ − c¯∇µ∂µc
)
.
(6.7)
We split the vector field as follows
A′µ = Aµ +∇µφ, such that ∇µAµ = 0. (6.8)
By using the fact that D (∇µφ) = D′φ
√
det (−∇2), we can write the partition function as
follows
ZvecU(1) =
∫
DADψD′φDbDcDc¯
√
det (−∇2) exp (−SU(1),v.m) . (6.9)
Integration over b gives a factor of δ (−∇2φ). This, upon integrating over φ gives a factor
of [det (−∇2)]−1which cancels against the contribution coming from integrating over ghosts.
Hence the partition function becomes
ZvecU(1) =
√
det′ (−∇2)det ( /∇)√
det (−∇2 + 12β2) , (6.10)
where the operator in the denominator acts on divergence less vector fields. Using the
formulae for eigenvalues and degeneracies of the operators, the above expression reduces to
the following infinite product:
ZvecU(1) =
1√
3
∞∏
k=0
(k + 1)3(k+1) . (6.11)
This is the same as the analytically continued Zvec1−loop up to an overall finite constant.
Beta function from analytic continuation
The one loop beta function for a gauge theory in four dimensions with Nf Dirac fermions in
the representation Rf and Ns complex scalars in the representation Rs of the gauge group is
given by:
β (g) = − g
3
16π2
(
11
3
C2 (Adj)− 4
3
NfC2 (Rf)− 1
3
NsC2 (Rs)
)
. (6.12)
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For an N = 1 supersymmetric theory with a vector multiplet and Nc chiral multiplets in the
representation Rc of the gauge group the above expression for beta function reduces to:
β (g) = − g
3
16π2
(3C2 (Adj)−NcC2 (Rc)) . (6.13)
We will reproduce this result by dimensional regularization of the analytically continued
expression. To do so, we need to determine the O (σ2) terms appearing in the one-loop
determinants. We proceed as in [11], by replacing σ → tσ in the expressions for the one-loop
determinants. The parameter t keeps track of the order of σ. Focusing only on the vector
multiplet, one can easily find that
d logZvec1−loop
dt2
+
∑
α>0
1
t2
=
∑
α>0
〈α, σ〉2 (F (d− 1, 0, t 〈α, σ〉) + F (d− 1, d− 1, t 〈α, σ〉)) ,
(6.14)
where
F (x, y, z) ≡
∞∑
n=0
Γ (n+ x)
Γ (n+ 1)Γ (x)
1
(n+ y)2 + z2
=
i
2z
(
1
y + iz
2F1 (x, y + iz; y + iz + 1; 1)− c.c
)
.
(6.15)
For d = 4 − ǫ, we expand the R.H.S in powers of t and ǫ. Keeping only the leading terms,
we find
d logZvec1−loop
dt2
=
3
ǫ
C2 (Adj) σ
2 + · · · . (6.16)
From this we can easily obtain
logZvec1−loop =
3
ǫ
C2 (Adj)σ
2 + · · · . (6.17)
A completely analogous calculation for a chiral multiplet in the representation Rc of the
gauge group gives
logZchi1−loop = −
1
ǫ
σ2C2 (Rc) + · · · . (6.18)
We combine the O (σ2) contribution from one-loop determinants with the O (σ2) term in the
fixed point action as given in equation (3.8), to get
8π2
g2 (Λ)
=
(
8π2
g20
− 3
ǫ
C2 (Adj) +
1
ǫ
NcC2 (Rc)
)
Λ−ǫ, (6.19)
where Λ is the renormalization scale and g0 is the bare coupling. Differentiating the above
equation w.r.t the log Λ, one obtains the beta function
β (g) = − g
3
16π2
( 3C2 (Adj)−NcC2 (Rc)) , (6.20)
which is exactly what we wanted to show.
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6.2 Free energy of mass-deformed N = 4 SYM
In this subsection we compare results from analytic continuation to a recent holographic
analysis for N = 1∗ super Yang-Mills [22]. There are some caveats which we explain be-
low, but to the extent that we can make a comparison our results are consistent with the
holographic results.
The N = 4 super Yang-Mills multiplet decomposes into an N = 1 vector multiplet and
three massless adjoint chiral multiplets. The superpotential also has a cubic term which is
the product of all three chiral fields. We can give masses mj , j = 1 . . . 3, to the three chiral
multiplets and still preserve N = 1 supersymmetry. If we choose m(1) = 0 and m(2) = m(3)
then we preserve N = 2 supersymmetry, with the massless chiral multiplet joining with the
N = 1 vector multiplet to form an N = 2 vector multiplet, while the two massive chiral
multiplets combine into a hypermultiplet. The cubic term in the superpotential remains
unchanged. The supersymmetry is broken to N = 1 if the third chiral multiplet is given a
mass or the first two multiplets have unequal masses. The theory is called N = 1∗ if the
cubic term in the superpotential is left unchanged.
It was shown explicitly in [12] how to put an N = 1 theory on S4, and the N = 1∗
theory is no exception. However, there are some subtleties. First for a Lorentzian N = 1
theory, every chiral superfield Φ has a complex conjugate superfield Φ¯. In Euclidean space,
these fields should be considered independent. Likewise, for a flat Lorentzian N = 1 theory,
a mass term would appear in the superpotential, Wm =
1
2
mΦ2. The conjugate fields would
have a complex conjugate mass m¯. In Euclidean space these masses are independent. In the
holographic analysis in [22] m(j) is set equal to m˜(j).
There is no known localization procedure for N = 1∗ on S4. Instead we propose analyt-
ically continuing the mass deformed theory in d ≤ 3 up to d = 4. There is an important
warning in doing this. If we consider N = 1∗ on flat space and compactify down to three
dimensions, the resulting three-dimensional chiral multiplets have complex masses. As ex-
plained in section 2, the mass deformed theory we use in the analytic continuation has real
masses. Hence, it is not obvious that the analytic continuation of the perturbative mass-
deformed partition function actually equals the perturbative partition function for N = 1∗
on S4, where the continuation of each real mass is set equal to the mass, or its negative,
of the corresponding N = 1∗ chiral multiplet7. Perhaps there is a more involved relation
between the two sets of the mass parameters for which the analytically continued partition
function equals that of the N = 1∗. We leave this question for future work. Here we simply
explore the consequences of analytically continuing to d = 4 and find that the general form
of the real part of the free energy at large N is consistent with the holographic results.
In three dimensions the mass parameters that appear in the partition function are written
7Note that these concerns do not apply to N = 2∗ theories, which correspond to N = 4 in three
dimensions. In decomposing the three dimensional N = 4 vector multiplet into an N = 2 vector and chiral
multiplet, one can choose to have the scalar field φ0 be part of the vector multiplet, which leads to real mass
terms. However, we could have also chosen φ4 to be part of the vector multiplet and φ0 to pair up with φ5
in the chiral multiplet. If at the same time one changes the pairings of the other four scalar fields, then the
mass terms and the cubic term proportional to the mass in (2.14) would come from the superpotential.
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as µ
(3)
j = i∆j+rm
R
j where m
R
j is the real three dimensional mass and ∆j is a charge under a
corresponding flavor symmetry. When continuing up to four dimensions we assume that this
becomes µ
(3)
j → σ(j)µj where σ(j) is defined in (2.20) and µj the four-dimensional complex
mass multiplied by r. If we then set d = 4 in eq. (5.15) and eq. (5.23) for three massive
adjoint chiral multiplets, we find the perturbative partition function
Zpert =
∫
dσie
− 8π2
g2
YM
Trσ2∏
α
∞∏
k=0
[
(k−i〈α, σ〉)
(k+i〈α, σ〉+3)
3∏
j=1
(k−i〈α, σ〉−iσ(j)µj + 2)
(k+i〈α, σ〉+iσ(j)µj+1)
] (k+1)(k+2)
2
=
∫
dσie
− 8π2
g2
YM
Trσ2∏
α
i〈α, σ〉Zmass,
(6.21)
where Zmass is the mass correction to the N = 4 partition function,
Zmass =
∏
α
∞∏
k=0
3∏
j=1
[
(k−i〈α, σ〉−iσ(j)µj + 2)(k+i〈α, σ〉+1)
(k+i〈α, σ〉+iσ(j)µj+1)(k−i〈α, σ〉+ 2)
] (k+1)(k+2)
2
. (6.22)
This last expression collapses to Zmass = 1 if all µj = 0. In deriving the second line in
eq. (6.21) we used the identity
∞∏
k=0
[
(k+i〈α, σ〉)(k+i〈α, σ〉+2)3
(k+i〈α, σ〉+3)(k+i〈α, σ〉+1)3
] (k+1)(k+2)
2
= i〈α, σ〉 (6.23)
and that every root in the product comes with its negative. The σ are N ×N matrices and
the root vectors are all possible combinations σi − σj , i 6= j where σi are the N eigenvalues
of σ.
This term is divergent if any µj 6= 0 and needs to be regularized. To this end we define
Zk(σ−σ′, µ) ≡
[
(k−i(σ − σ′)−iµ+ 2)(k+i(σ − σ′)+1)
(k+i(σ − σ′)+iµ+1)(k−i(σ− σ′) + 2)
] (k+1)(k+2)
2
. (6.24)
For k ≫ 1 we expand log[Zk(σ−σ′, µ)] in 1/k, where we find
log(Zk(σ−σ′, µ)) = −i
(
k+
1
2
+
(σ−σ′)2
k
)
µ− 1
2k
µ2+
i
3k
µ3+O
(
1
k2
)
. (6.25)
Hence, if we expand logZmass in powers of µj, the terms up to cubic order in the masses will
be divergent. The term linear in µ can be dropped as it eventually will cancel because of
the mass condition (2.27), which in terms of the µj is
µ1+µ2−µ3 = 0 . (6.26)
The remaining divergent terms are independent of σ − σ′ and can be removed by adding
constant local counterterms to the Lagrangian.
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In the large N -limit the free energy can be found by saddle point. We are particularly
interested in the behavior at strong coupling, where the ’t Hooft coupling λ ≡ g2YMN ≫ 1. In
this case, the saddle point will have the separation between two generic eigenvalues |σi−σj |
to be much greater than 1. One can then check that for |σ − σ′| ≫ 1,
3∑
j=1
∞∑
k=0
log(Zk(σ−σ′, σ(j)µj)reg) ∼ +1
4
log(σ−σ′)2(µ21+µ22+µ23)
− i
6
log(σ−σ′)2(µ31+µ32−µ33).
(6.27)
Using (6.26) we can reexpress the cubic term as
µ31+µ
3
2−µ33 = −3µ1µ2µ3 . (6.28)
Then, when eq. (6.27) is combined with the N = 4 part of the partition function, the saddle
point equation reduces to
16π2
λ
σ ≈ 2
∫
−dσ′ρ(σ′)1 +
1
2
(µ21+µ
2
2+µ
2
3) + i µ1µ2µ3
σ − σ′ , (6.29)
where ρ(σ′) is the eigenvalue density. Notice that eq. (6.29) is similar to the N = 2∗ saddle
point equation [29,30] which has the same form as the saddle point equation for a Gaussian
matrix model. One then solves for ρ(σ) in the standard way, where one finds the Wigner
semi-circle distribution,
ρ(σ) =
2
πA2
√
A2 − σ2 , (6.30)
with
A2 =
λ(1 + 1
2
(µ21+µ
2
2+µ
2
3) + i µ1µ2µ3)
8π2
. (6.31)
Because of the imaginary part in eq. (6.31) the eigenvalue distribution runs at an angle off
of the real axis. One then substitutes ρ(σ) back into the free energy, where the dominant
part is given by
F ≈− N
2
2
∫
dσdσ′ log(σ − σ′)2
≈− N
2
2
(
1 +
1
2
(µ21+µ
2
2+µ
2
3) + i µ1µ2µ3
)
× log
(
λ
(
1 +
1
2
(µ21+µ
2
2+µ
2
3) + i µ1µ2µ3
))
,
(6.32)
Expanding about small µi and dropping terms up to cubic order which are not universal
[21, 22], eq. (6.32) becomes
F ≈−N2
(
1
16
(µ21+µ
2
2+µ
2
3)
2 +
i
4
(µ21+µ
2
2+µ
2
3)µ1µ2µ3
− 1
96
(µ21+µ
2
2+µ
2
3)
3 − 1
4
(µ1µ2µ3)
2 +O(µ7)
)
,
(6.33)
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In [22] it was argued that the terms in the free energy could only come with factors of
m(1)m(2)m(3), m˜(1)m˜(2)m˜(3), or
∑
j(m
(j)m˜(j))n where n is a positive integer in order to be
consistent with supersymmetry. If m(j) = m˜(j) then this translates into terms of the form
µ1µ2µ3 or µ
2n
1 +µ
2n
2 +µ
2n
3 . Equation (6.33) is consistent with this observation. One should
also note that the regularization should preserve the supersymmetry. If equation (6.26) had
not been in effect, we would have had to add counterterms linear in µj, which violates this
supersymmetry prescription.
Assuming that a regularization can be performed, one expects the free energy for a general
choice of µj to have the form [22]
F = −N2
(
A1(µ
4
1+µ
4
2+µ
4
3)+A2(µ
2
1+µ
2
2+µ
2
3)
2 + i B1(µ
2
1+µ
2
2+µ
2
3)µ1µ2µ3
− C1(µ61+µ62+µ63)−C2(µ21+µ22+µ23)3−C3(µ1µ2µ3)2 +O(µ7)
) (6.34)
Comparing with eq. (6.33) and using eq. (6.26), we find that
A1 + 2A2 =
1
8
, B1 = −1
4
, C1 + C2 =
1
24
, −12C2 + C3 = 1
8
. (6.35)
The first and third relations were derived in [22] using the N = 2∗ results, where one has
µ1 = 0. The second relation differs from [22] since their free energy is real. The fourth
relation is a new prediction.
One feature that is different here compared to the holographic dual is that the free energy
in (6.34) has an imaginary piece, while the holographic result has a real free energy [22].
Since the theory is Euclidean and nonconformal it is not reflection positive [12], so it is not
obvious on general grounds why the supergravity dual gives a real free energy. This issue
deserves further investigation.
One further issue is that a gaugino condensate appears in the holographic analysis if all
three chiral multiplet masses are nonzero [22]. It is not clear how one sees the condensate in
the analytic continuation.
7 Summary and discussion
In this article we computed perturbative partition functions for theories with eight and four
supersymmetries on spheres, with the dimension of the sphere being a continuous parameter.
This proved the conjecture in [10] for eight supersymmetries and provided a new result for the
case of four supersymmetries. We analytically continued our result for four supersymmetries
to d = 4 and performed non-trivial consistency checks. We showed that in the limit of zero
coupling the analytic continuation gives the correct partition function for the free conformal
theories on S4. We also showed that the analytic continuation is consistent with the one-
loop running of the coupling in four dimensions. Then we used our results to study the free
energy for mass-deformed theories with four supercharges on S4 and compared these to the
holographic results for N = 1∗ theory.
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For eight supersymmetries our analysis can be straightforwardly generalized to hyper-
multiplets in other representations of the gauge group. For four supersymmetries one should
also be able to extend the chiral multiplets to other representations, with possible restraints
on the masses to be consistent with supersymmetry.
At the same time it would be desirable to weaken any constraints on the masses so that
one could obtain determinants with independent masses for three adjoint chiral multiplets.
Despite the constraint, our work provides a way forward for localizing minimally supersym-
metric theories on S4.
Our work opens up various directions for exploring the dynamics of N = 1 theories on
S4. One obvious possibility is to apply the analytic continuation to N = 1 superconformal
theories, analogously to the work in [16–20]. We have already shown that it works for free
theories. These theories would also have the advantage of not having any ambiguities about
real versus complex masses.
A natural extension of our results is to include instanton contributions. These contribu-
tions have only been studied for d = 4, 5 for supersymmetric theories on spheres. It would be
interesting to revisit those computations and investigate if they admit an analytic continua-
tion in dimensions. If the continuation exists it must be nontrivial as instantons themselves
do not exist below four dimensions. The analytic continuation would have to flow to some
other non-perturbative behavior.
From a more formal perspective, it would be instructive to derive our results using index
theorem techniques. In our computations with non-integer d we witnessed large cancellations
between bosonic and fermionic contributions. This hints that our results may be derived
from some underlying index theorem for non-integer d. It would be interesting to explore
this issue further.
Another avenue for future work is to consider the analytical continuation for N = 1
theories in other dimensions where it is not known how to localize explicitly. Theories with
eight supersymmetries on S6 and with 16 supersymmetries on S8,9 can be constructed [31].
However just like the case of N = 1 on S4, it is not known how to localize these theories.
We hope to explore these issues in future.
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A Conventions and useful properties
We use 10-dimensional Majorana-Weyl spinors ǫα and Ψα, etc. The 10-dimensional Γ-
matrices are chosen to be real and symmetric:
ΓMαβ = ΓMβα, Γ˜Mαβ = Γ˜Mβα. (A.1)
Products of Γ-matrices are given by:
ΓMN ≡ Γ˜[MΓN ], Γ˜MN ≡ Γ[M Γ˜N ]
ΓMNP ≡ Γ[M Γ˜NΓP ], Γ˜MNP ≡ Γ˜[MΓN Γ˜P ], etc. (A.2)
we also have that ΓMNPαβ = −ΓMNPβα, hence:
ǫΓMNP ǫ = 0 (A.3)
for any bosonic spinor ǫ. We also introduce:
ǫ˜ = βΛǫ, (A.4)
where β = 1
2r
and Λ = Γ089. A very useful relation is the triality condition,
ΓMαβΓMγδ + Γ
M
βδΓMγα + Γ
M
δαΓMγβ = 0. (A.5)
Using eq. (A.5) one can show
ǫΓMǫ ǫΓMχ = 0, (A.6)
where χ is any spinor. It immediately follows that vMvM = 0, where v
M is the vector field
vM ≡ ǫΓM ǫ. (A.7)
We define another set of bosonic spinors, νm for m = 1, 2, · · · , 7. They satisfy the
following properties.
νmΓ
Mǫ = 0,
νmΓ
Mνn = δmnv
M ,
νmα ν
n
β + ǫαǫβ =
1
2
vM Γ˜Mαβ.
(A.8)
They are invariant under an internal SO(7) symmetry, which can be enlarged to SO(8) by
including ǫ.
To reduce to eight supersymmetries we impose the condition ǫ = +Γ6789ǫ. Furthermore,
for d ≤ 5, Ψ can be split up into even and odd eigenstates of Γ6789. The even eigenstates,
ψ = 1
2
(1 + Γ6789) Ψ, make up the fermions in the vector multiplet, while the odd eigenstates,
χ = 1
2
(1− Γ6789)Ψ, make up the fermions in the hypermultiplet. The scalars φI , I = 6, . . . 9
constitute the bosonic fields of the hyper multiplet. The gauge fields Aµ and the rest of the
scalars φI , I = 0, d + 1, . . . 5 make up the bosonic fields in the vector multiplet. Finally,
the auxiliary fields split up, with Km, m = 1, 2, 3, being in the vector multiplet, and Km,
m = 4, 5, 6, 7, being in the hypermultiplet. The same is true for the pure-spinors νm.
Reduction to four supersymmetries can be done similarly by imposing ǫ = +Γ4589ǫ.
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B Quadratic fluctuations about the fixed point locus
In this appendix we give details of the computation of quadratic fluctuations about the fixed
point locus. We focus on bosonic and fermionic parts separately.
B.1 Bosonic part
The bosonic part of fluctuations about the fixed point locus is equal to [10]:
Lb = δǫΨδǫΨ
=
1
2
FMNF
MN − 1
4
FMNFM ′N ′
(
ǫΓMNM
′N ′0ǫ
)
+
βdαI
4
FMNφI
(
ǫΛ
(
Γ˜IΓ˜MNΓ0 − Γ˜0ΓIΓMN
)
ǫ
)
−KmKmv0 − βdα0φ0Km(νmΛǫ) + β
2d2
4
∑
I
(αI)
2φIφ
Iv0.
(B.1)
Expanding the first term in eq. (B.1) we get
1
2
FMNF
MN =
1
2
FµνF
µν + Fµ0F
µ0 − [φcl0 , φJ ][φcl0 , φJ ] +∇µφJ∇µφJ
= ∇µAν∇µAν −∇µAν∇νAµ +∇µφ0∇µφ 0 + 2∇µφ0[Aµ, φ0cl]
− [Aµ, φcl0 ][Aµ, φcl0 ]− [φcl0 , φJ ][φcl0 , φJ ] +∇µφJ∇µφJ ,
(B.2)
where J = d+ 1, . . . , 9. The second term in eq. (B.1) can be expanded to get:
−1
4
FMNFM ′N ′
(
ǫΓMNM
′N ′0ǫ
)
=−∇µAν∇µ′Aν′
(
ǫΓµνµ
′ν′0ǫ
)
− 2∇µAν∇µ′φJ
(
ǫΓµνµ
′J0ǫ
)
−∇µφJ∇µ′φJ ′
(
ǫΓµJµ
′J ′0ǫ
)
.
(B.3)
The third term in eq. (B.1) is
βdαI
4
FMNφI
(
ǫΛ
(
Γ˜IΓ˜MNΓ0 − Γ˜0ΓIΓMN
)
ǫ
)
=
βdαJ
2
(∇µAν −∇νAµ)φJ
(
ǫΛΓ˜JΓ0Γ˜µΓνǫ
)
+ βdαJ ′∇µφJφJ ′
(
ǫΛΓ˜J
′
Γ0Γ˜µΓJǫ
)
.
(B.4)
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Collecting our results, we find that the bosonic part is:
Lb = ∇µAν∇µAν −∇µAν∇νAµ −∇µφ 0∇µφ 0 − 2∇µφ 0[Aµ, φcl0 ]− [Aµ, φcl0 ][Aµ, φcl0 ]
− [φcl0 , φJ ][φcl0 , φJ ] +∇µφJ∇µφJ
−∇µAν∇µ′Aν′
(
ǫΓµνµ
′ν′0ǫ
)
− 2∇µAν∇µ′φJ
(
ǫΓµνµ
′J0ǫ
)
−∇µφJ∇µ′φJ ′
(
ǫΓµJµ
′J ′0ǫ
)
+
βdαJ
2
(∇µAν −∇νAµ)φJ
(
ǫΛΓ˜JΓ0Γ˜µΓνǫ
)
+ βdαJ ′∇µφJφJ ′
(
ǫΛΓ˜J
′
Γ0Γ˜µΓJǫ
)
− v0KmKm − βdα0φ0K m(νmΛǫ) + β
2d2
4
v0
∑
I
(αI)
2φIφ
I .
(B.5)
Next, we rewrite this expression as a quadratic form:
Lb = Aµ
(
−δνµ∇2 +∇ν∇µ −
(
ǫΓµ
µ′ν′ν0ǫ
)
∇µ′∇ν′ − 2β(d− 3)
(
ǫΛΓµ
µ′ν0ǫ
)
∇µ′
)
Aν − [Aµ, φcl0 ][Aµ, φcl0 ]
+ φJ
(
−∇2δJ ′J − 2β(d− 1)
(
ǫΛΓJ
µJ ′0ǫ
)
∇µ − βdαJ ′
(
ǫΛΓ˜J
′
Γ0Γ˜µΓJǫ
)
∇µ + β
2d2
4
(αJ)
2δJ
′
J
)
φJ ′
− [φcl0 , φJ ][φcl0 , φJ ] + φ0
(
∇2 − β
2d2
4
α20
)
φ0 − 4β(d− 2)Aν∇µφJ
(
ǫΛΓνµΓJ0ǫ
)
+ βdαJ φJ∇µAν
(
ǫΛΓ˜JΓ0Γµνǫ
)
−KmKm − βdα0φ0Km(νmΛǫ),
(B.6)
where we have used the Lorenz gauge condition and the relation Γ˜µΓ
µνµ′ = (d − 2)Γνµ′ .
Now, note that the third term in the first row vanishes, and that for the second term, we
can exchange the order of the covariant derivatives to get a term which is zero due to the
Lorenz gauge condition and another one which contains a Ricci tensor, which on spheres is
proportional to a Kronecker delta. Furthermore, we can combine the two terms which are
proportional to ∇µφJ ′ into one, and finally get:
Lb = Aµ
(
−δνµ∇2 + 4β2(d− 1)δνµ − 2β(d− 3)
(
ǫΛΓµ
µ′ν0ǫ
)
∇µ′
)
Aν − [Aµ, φcl0 ][Aµ, φcl0 ]
+ φJ
(
−∇2δJ ′J + β (−2(d− 1) + dαJ ′)
(
ǫΛΓJ
′
ΓJΓ
µ0ǫ
)
∇µ + β
2d2
4
(αJ)
2δJ
′
J
)
φJ ′
− [φcl0 , φJ ][φcl0 , φJ ] + φ0
(
∇2 − β
2d2
4
α20
)
φ0 + β (−4(d− 2) + dαJ)Aν∇µφJ
(
ǫΛΓνµΓJ0ǫ
)
−KmKm − βdα0φ0Km(νmΛǫ).
(B.7)
This general result includes both the vector multiplet and the hypermultiplet bosons. Let
us now specialize to the vector multiplet.
41
B.1.1 Vector multiplet
The vector multiplet contains the vector field Aµ and the scalar fields φ0, φi, where the index
i takes values i = d + 1, · · ·D and D = 5 for eight supersymmetries and D = 3 for four
supersymmetries. We use
α0 =
4(d− 3)
d
, αi =
4
d
, for i = d+ 1, . . . , D. (B.8)
We also combine µ and i indices into M˜ = {µ, i} to write the bosonic part of the vector-
multiplet Lagrangian from equation (B.7) in the following compact form:
Lbv.m = AM˜ OM˜ N˜ AN˜ − [AM˜ , φcl0 ][AM˜ , φcl0 ]
−KmKm − 4β(d− 3)φ0Km(νmΛǫ) + φ0
(∇2 − 4β2(d− 3)2)φ0. (B.9)
The operator OM˜ N˜ is defined as follows:
OM˜ N˜ = −δN˜M˜∇2 + αM˜ N˜ − 2β(d− 3)ǫΓM˜ νN˜89ǫ∇ν . (B.10)
and αM˜
N˜ is the diagonal matrix given by:
αM˜
N˜ = 4β2
(
(d− 1) δνµ 0
0 δji
)
. (B.11)
B.1.2 Hyper/chiral-multiplet
The scalars φI , I = D + 1, . . . , 9 are part of the hypermultiplet. For eight supersymmetries
we get a single hypermultiplet and for four supersymmetries we get three hypermultiplets
by reduction of 10-d theory. Let us first focus on four supersymmetries:
Lbc.m = φJ
(
−∇2δJ ′J + β (−2(d− 1) + dαJ ′)
(
ǫΛΓJ
′
ΓJΓ
µ0ǫ
)
∇µ + β
2d2
4
α2Jδ
J ′
J
)
φJ ′
− [φcl0 , φJ ][φcl0 , φJ ].
(B.12)
For four supersymmetries, the values of αI are given in (2.20). The Lagrangian of equa-
tion (B.12) splits up in three decoupled parts which take the form:
Lbc.m =
3∑
ℓ=1
φIℓ
(
−∇2δLℓIℓ − 2β(1− 2iσ(ℓ)µℓ)
(
ǫΛΓJℓΓIℓΓ
µ0ǫ
)∇µ + β2(d− 2 + 2iσ(ℓ)µℓ)2δIℓJℓ)φJℓ
− [φcl0 , φIℓ ][φcl0 , φIℓ].
(B.13)
This can be simplified by noting that
ǫΛΓ76µ0ǫ = vµ, ǫΛΓ98µ0ǫ = −vµ, ǫΛΓ54µ0ǫ = vµ. (B.14)
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This gives the following form of the chiral multiplet Lagrangian.
Lbc.m =
3∑
ℓ=1
[
φIℓ
(−∇2 + β2(d− 2 + 2iσ(ℓ)µℓ)2)φIℓ − [φcl0 , φIℓ][φcl0 φIℓ ]]
+ 4β
(
2iµℓ − σ(ℓ)
)
φ2ℓ+2v
µ∇µφ2ℓ+3.
(B.15)
For the case of eight supersymmetries the Lagrangian for hypermultiplet bosons can be
obtained from the above expressions by ignoring φ4, φ5 and setting µ2 = µ3:
Lbh.m =
9∑
i=6
[
φi
(−∇2 + β2(d− 2 + 2iσiµ)2)φi − [φcl0 , φi][φcl0 , φi]]
+ 4β (2iµ− 1)φ6vµ∇µφ7 + 4β (2iµ+ 1)φ8vµ∇µφ9.
(B.16)
B.2 Fermionic part
The fermionic part of the fluctuations around the fixed point locus is given by:
Lf = Ψδǫ
(
δǫΨ
)
= ΨΓ0δ2ǫΨ−ΨΓ0
[
2ΓM
′0δǫFM ′0ǫ+ α0Γ
µ0δǫφ0∇µǫ+ 2δǫKmνm
]
. (B.17)
Let us focus on the first term, involving two variations of the fermion.
δ2ǫΨ =
(
ǫΓNDMΨ
)
ΓMNǫ− β
(
ǫΛΓ˜µΓNΨ
)
ΓµNǫ− αIβd
2
(ǫΓIΨ) Γ˜
IΛǫ
+
(
ǫ /DΨ
)
ǫ− 1
2
vM Γ˜M /DΨ+∆K
mνm.
(B.18)
This expression can be brought into the desired form by using triality and other identities.
Using triality the first term in eq. (B.18)
− (ǫ /DΨ) ǫ− (ǫΓN ǫ)DNΨ+ 1
2
(
ǫΓNǫ
)
Γ˜N /DΨ. (B.19)
Using triality, the second term in eq. (B.18) becomes
βd (ǫΛΨ) ǫ+
1
2
β (ǫΛΓMNǫ) Γ
MNΨ− 1
2
β (ǫΛΓIJǫ) Γ
IJΨ
+
1
2
β (ǫΛΓµνǫ) Γ
µνΨ− 2β (ǫΓµΨ) Γ˜µΛǫ+ dβ
(
ǫΓNΨ
)
Γ˜NΛǫ.
(B.20)
The second term in the above expression can be simplified using the following Fierz iden-
tity [4, 32]:
−1
2
(ǫ˜ΓMNǫ) Γ
MNΨ− 4 (Ψǫ˜) ǫ+ 2 (ǫΓNΨ) Γ˜N ǫ˜ = 0, (B.21)
Combining all these pieces we get
δ2ǫΨ = −vNDNΨ−
1
4
∇[µvν]ΓµνΨ− 1
2
β (ǫΛΓIJǫ) Γ
IJΨ+ β
(
2− αId
2
)
(ǫΓIΨ) Γ˜
IΛǫ
+ β(d− 4)
(
(ǫΛΨ) ǫ+ (ǫΓNΨ) Γ˜
NΛǫ
)
+∆Kmνm.
(B.22)
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Let’s focus on the second term in (B.17) and simplify all three terms appearing there. The
first one is
−2
(
ΨΓ0ΓM
′0ǫ
)
δǫFM ′0 = 2
(
ΨΓ0ǫ
) (
ǫ /∇Ψ)− 2βd (ΨΓ0ǫ) (ǫΛΨ) + 2(ΨΓM ′ǫ) (ǫΓM ′D0Ψ) .
(B.23)
The second term is:
−α0ΨΓ0Γµ0δǫφ0∇µǫ = α0dβ
(
ΨΓ0ǫ
)
(ǫΛΨ) . (B.24)
The third term is:
−2 (ΨΓ0νm) δǫKm = −2 (ΨΓ0ǫ) (ǫ /∇Ψ)+ 2 (ΨΓ0ǫ) (ǫΓ0D0Ψ) + vM (ΨΓ0Γ˜M /DΨ)
− 2 (ΨΓ0νm)∆Km. (B.25)
Collecting all the terms, we get:
vM
(
ΨΓ0Γ˜M /DΨ
)
+ dβ (α0 − 2)
(
ΨΓ0ǫ
)
(ǫΛΨ) + 2
(
ΨΓMǫ
)
(ǫΓMD0Ψ)− 2
(
ΨΓ0νm
)
∆Km.
(B.26)
The first term in the above expression can be rewritten using the identity Γ˜MΓN = gMN +
ΓMN , and the third one can be manipulated using the triality identity. The result is
(
Ψ /∇Ψ)+ vµ (ΨΓ0Γµν∇νΨ)+ 9∑
I=d+1
vI
(
ΨΓ0ΓIν∇νΨ
)
+ vµ
(
ΨΓ0∇µΨ
)
+2
(
ΨΓ0D0Ψ
)
+ dβ (α0 − 2)
(
ΨΓ0ǫ
)
(ǫΛΨ)− 2 (ΨΓ0νm)∆Km.
(B.27)
Using integration by parts, the second and third terms can be modified to give
(
Ψ /∇Ψ)− β (ǫΓ˜µνΛǫ) (ΨΓ0ΓµνΨ) − β (ǫΓ˜JνΛǫ) (ΨΓ0ΓJνΨ) + vµ (ΨΓ0∇µΨ)
+2
(
ΨΓ0D0Ψ
)
+ dβ (α0 − 2)
(
ΨΓ0ǫ
)
(ǫΛΨ)− 2 (ΨΓ0νm)∆Km. (B.28)
Now, combining this with the result for ΨΓ0δ2ǫΨ, we get the complete expression for the
fermionic part
Lf = (Ψ /∇Ψ)+ (ΨΓ0D0Ψ)+ β (3d− 16) (ΨΓ0ǫ) (ǫΛΨ)− 1
2
β
(
ǫΓ˜MNΛǫ
) (
ΨΓ0ΓMNΨ
)
+ β
(
2− αId
2
)(
ΨΓ0Γ˜IΛǫ
)
(ǫΓIΨ) + β(d− 4)
(
ΨΓ0Γ˜NΛǫ
)
(ǫΓNΨ)
− (ΨΓ0νm)∆Km.
(B.29)
The terms on the second line can be modified by using the following identity:
Γ˜NΛǫ (ǫΓNΨ) − 2Γ˜AΛǫ (ǫΓAΨ) = 1
2
vN Λ˜ΓNΨ. (B.30)
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So the quadratic part becomes
Lf = (Ψ /∇Ψ)+ (ΨΓ0D0Ψ)+ β (3d− 16) (ΨΓ0ǫ) (ǫΛΨ)− 1
2
β
(
ǫΓ˜MNΛǫ
) (
ΨΓ0ΓMNΨ
)
+ βCI
(
ΨΓ0Γ˜IΛǫ
)
(ǫΓIΨ) + β
d− 4
2
vN
(
ΨΓ0Λ˜ΓNΨ
)
− (ΨΓ0νm)∆Km,
(B.31)
where the coefficient CI which appear in the first term in second line is given by:
CA = 2d− 6− αAd
2
, Ci = 2− αid
2
. (B.32)
Let us now specialize to vector and hypermultiplets separately.
B.2.1 Vector multiplet
The vector multiplet fermions have same eigenvalues under the projection operators Γ,Γ′ as
the Killing spinor. We denote the vector multiplet fermion by ψ. For a fermion in the vector
multiplet, the first term on the second line of eq. (B.31) does not contribute. It is easy to
verify that for this term, either CI vanishes or (ǫΓIψ) = 0. Furthermore, for the last term
in eq. (B.31), we take pure spinors νm, m = 1, 2, · · ·D−2 to have the same eigenvalues under
projection operators as the Killing spinor and the vector multiplet fermion, while the rest of
the pure spinors have the same eigenvalues as the hypermultiplet fermions. We use
∆Km = β (d− 4) νmΛψ, for m = 1, 2, · · ·D − 2, (B.33)
to write:
− (ψΓ0νm)∆Km = −β (d− 4)m=D−2∑
m=1
(
ψΓ0νm
)
(νmΛψ) ,
= −β (d− 4)
7∑
m=1
(
ψΓ0νm
)
(νmΛψ) ,
= β (d− 4) (ψΓ0ǫ) (ǫΛψ)− 1
2
β (d− 4) vN
(
ψΓ0Γ˜NΛψ
)
,
(B.34)
where in the second equality we have used the fact that for rest of the pure spinors (ψΓ0νm) =
0. The last equality follows by using the completeness relation of the pure spinors and the
Killing spinor. Next we use the fact that:
vN
(
ψΓ0Λ˜ΓNψ
)
− vN
(
ψΓ0Γ˜NΛψ
)
= −2vN˜
(
ψΓ0Γ˜N˜Λψ
)
. (B.35)
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Using all this information in equation (B.31), we get the quadratic Lagrangian for vector
multiplet fermions to be:
Lfv.m =
(
ψ /∇ψ)+ (ψΓ0D0ψ)+ 4β (d− 5) (ψΓ0ǫ) (ǫΛψ)− 1
2
β
(
ǫΓ˜MNΛǫ
) (
ψΓ0ΓMNψ
)
− β (d− 4) vN˜
(
ψΓ0Γ˜N˜Λψ
)
.
(B.36)
We use a few relations to simplify the Lagrangian further. First we can use the Fierz identity
quoted in eq. (B.21) and triality to bring the third term above in the desired form:
4β(d− 5) (ψΓ0ǫ) (ǫΛψ) = −1
4
β(d− 5) (ψΓ0ΓMNψ) (ǫΛΓMNǫ)− 1
2
β(d− 5)vN
(
ψΓ0Λ˜ΓNψ
)
.
(B.37)
Secondly, we rewrite the last term of this equation as
vN
(
ψΓ0Λ˜ΓNψ
)
= (ψΛψ)− vM˜
(
ψΓ0Γ˜M˜Λψ
)
. (B.38)
Further, we note that for the vector multiplet fermions, we have:
−1
2
(d− 4)β
(
ǫΓ˜ABΛǫ
) (
ψΓ0ΓABψ
)
= β(d− 4) (ψΛψ)(
ǫΓ˜MNΛǫ
) (
ψΓ0ΓMNψ
)
=
(
ǫΓ˜M˜N˜Λǫ
) (
ψΓ0ΓM˜N˜ψ
)− (9−D) (ψΛψ) . (B.39)
Combining these results in the general Lagrangian eq. (B.36) we get finally get the following
expression for Lagrangian of vector multiplet fermions:
Lfv.m =
(
ψ /∇ψ)− 1
2
(d− 3)βvM˜
(
ψΓ0Γ˜M˜Λψ
)
+ v0
(
ψΓ0D0ψ
)
− 1
4
(d− 3)β
(
ǫΓ˜M˜N˜Λǫ
) (
ψΓ0ΓM˜N˜ψ
)
+mψ (ψΛψ) .
(B.40)
Here mψ =
d−1
2
for eight supersymmetries and mψ = (d− 2) for four supersymmetries.
B.2.2 Hyper/chiral-multiplet
Let us treat eight and four supersymmetries separately. For eight supersymmetries, we have
a single fermion in the hypermultiplet. Let us denote it as χ = −Γχ. For the hypermultiplet
fermion (ǫΛχ) = 0. We have C6 = C7 = −C8 = −C9 = − (d− 4 + 2iµ). Also using the
fact that ǫΓMχ = 0 for M = 0, M˜ , we see that the first term on second line of eq. (B.31)
can be written as
−βC6
(
χΓ0Λ˜ΓNǫ
)
(ǫΓNχ) = β
C6
2
vN
(
χΓ0Λ˜ΓNχ
)
. (B.41)
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Using this, we get the following expression for the hypermultiplet fermion’s Lagrangian
Lf = (χ /∇χ)+ (χΓ0D0χ)− 1
2
β
(
ǫΓ˜MNΛǫ
) (
χΓ0ΓMNχ
)
− iµβvN
(
χΓ0Λ˜ΓNχ
)
− (χΓ0νm)∆Km. (B.42)
It is easy to verify that the contribution of third term in eq. (B.42) is(
ǫΓ˜MNΛǫ
) (
χΓ0ΓMNχ
)
=
(
ǫΓ˜M˜N˜Λǫ
) (
χΓ0ΓM˜N˜χ
)
. (B.43)
The last term in eq. (B.42) gets contributions from
∆Km = −2iµνmΛχ, for m = 4, 5, 6, 7. (B.44)
Using the completeness property for pure spinors and the fact that ǫΛχ = 0, we get:
− (χΓ0νm)∆Km = iµβvN (χΓ0Γ˜NΛχ) . (B.45)
This and the second to last term in eq. (B.42) can be combined using the identity eq. (B.38).
After all the simplifications, we obtain the following form for the Lagrangian of the hyper-
multiplet fermion with eight supersymmetries:
Lfh.m =
(
χ /∇χ)+ (χΓ0D0χ)− 1
2
β
(
ǫΓ˜M˜N˜Λǫ
) (
χΓ0ΓM˜N˜χ
)
+ 2iµβvN˜
(
χΓ0Γ˜N˜Λχ
)
. (B.46)
The chiral multiplet fermionic part with four can be obtained by similar computation:
Lfh.m =
3∑
ℓ=1
(
χℓ /∇χℓ
)
+
(
χℓΓ
0[φcl0 , χℓ]
)− 1
2
β
(
ǫΓ˜M˜N˜Λǫ
) (
χℓΓ
0ΓM˜N˜χℓ
)
+ σ(ℓ)β
(
2iµℓv
N˜
(
χiΓ
0Γ˜N˜Λχℓ
)
+ χiΛχℓ
)
.
(B.47)
C Degeneracy of harmonics on Sd
The spectrum of the Laplacian and the degeneracy of symmetric traceless tensors on Sd
is given in [25]. We summarize the results for scalar and divergence-less vectors here for
completeness. Scalar harmonics are labelled by the eigenvalues of the Laplacian on the
sphere, with the eigenvalues and the degeneracy given by:
∇2Y km = −4β2k (k + d− 1)Y km, Dk (d, 0) =
(2k + d− 1) Γ (k + d− 1)
Γ (d) Γ (k + 1)
. (C.1)
Divergence-less vector harmonics are also labelled by eigenvalues of the Laplacian on the
sphere which are different than scalars. Their degeneracy is given by:
∇2Akµ = −4β2 (k (k + d− 1)− 1)Akµ, ∇ ·Ak = 0,
Dk (d, 1) = k (k + d− 1) (2k + d− 1) Γ (k + d− 2)
Γ (d− 1) Γ (k + 2) .
(C.2)
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Spinor harmonics on Sd are labelled by the eigenvalues of the Dirac operator. We summarize
results of [26] here:
/∇ψk± = ±i
(
k +
d
2
)
ψk±, Dk (d,+) = Dk (d,−) =
2⌊
d
2
⌋Γ (k + d)
Γ (d) Γ (k + 1)
. (C.3)
An important degeneracy factor that appears in the computation of the one-loop deter-
minant is the number of spherical harmonics Y k±k. Since the spin is labelled by the Cartan
generator along the direction of the vector field vM˜ , the degeneracy is different for the case
of eight and four supersymmetries. Let us derive this degeneracy for the case of eight super-
symmetries now.
Consider an Sd parameterized as follows:
|zi|2 + x2j = 1, (C.4)
where zi ∈ C, xj ∈ R and the indices i, j range in i = 1, . . . , d−k′+12 and j = 1, . . . k′. Let us
consider the vector field vM˜ , which acts on the sphere coordinates as
zi → zieiφ, xj → xj . (C.5)
The fixed point locus of this vector field is given by the equation zi = 0, i = 1, . . . k, which,
when substituted in equation (C.4), leaves a (k′ − 1)-sphere fixed. For example, in the case
of eight supersymmetries we have
• S5: |z1|2 + |z2|2 + |z3|2 = 1 has a fixed S−1,
• S4: |z1|2 + |z2|2 + x21 = 1 has a fixed S0 (two points on the poles),
• S3: |z1|2 + x21 + x22 = 1 has a fixed S1,
• S2: x21 + x22 + x23 = 1 has a fixed S2.
So in the case of eight supersymmetries the action of the vector field leaves an S4−d fixed.
In this parametrization, the scalar spherical harmonics Y km can be written as polynomials
in the variables zi, z¯i and xj . To construct a spherical harmonic of level k and “charge” m,
we assign charge +1 to zi, −1 to z¯i and 0 to xj . Thus, the top spherical harmonics can be
written as:
Y kk ∼ zi1zi2 . . . zik , (C.6)
with the degeneracy given by:
Nk,d =
(
k + d−k
′+1
2
− 1
k
)
=
Γ(k + d− 2)
Γ(k + 1)Γ(d− 2) . (C.7)
In the case of four supersymmetries, vM˜ leaves an S2−d fixed, so the degeneracy of the
top level harmonics is:
nk,d =
Γ(k + d− 1)
Γ(k + 1)Γ(d− 1) . (C.8)
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D Vanishing of top spinor modes
Certain elements of the basis for spinor harmonics vanish identically for m = ±k. Here we
will demonstrate explicitly that for m = k
X 2+ = ΓM˜∇ˆM˜Y k+kη+ = Γµ∇µY k+kη+ + 2iβkY k+kη+ = 0. (D.1)
We will take the top and the bottom modes of the scalar spherical harmonics to be given by:
Y kk = z
k and Y k−k = z¯
k, (D.2)
where
z = 2β
x1 + ix2
1 + x2β2
. (D.3)
We will also use the relation between the gamma matrices with the flat and curved indices,
given by:
Γµ = (1 + x2β2)Γµˆ. (D.4)
Now, the first term in equation (D.1) becomes:
Γµ∇µY kk η+ =
[
2βk(Γ1 + iΓ2)zk−1 − 2β2kx · Γzk] η+, (D.5)
whose first term can be expanded to:
(Γ1 + iΓ2)η+ = Γ0
(
Γ˜6 + iΓ˜7
) [
(Γ1 + iΓ2) + β(Γ1 + iΓ2)x · Γ˜Λ
] ǫs√
1 + β2x2
. (D.6)
Note however that:
(Γ˜6 + iΓ˜7)(Γ1 + iΓ2)ǫs =
[
Γ˜6Γ1 − Γ˜7Γ2 + i(Γ˜6Γ2 + Γ˜7Γ1)
]
ǫs
=
(
Γ61 − Γ72Γ1267 + i(Γ62 + Γ71Γ1267)
]
ǫs
= 0,
(D.7)
where we have used the fact that Γ1267ǫs = +ǫs. This result implies that:
(Γ˜6 + iΓ˜7)(Γ1 + iΓ2)Γ˜MΛǫs = 0, for M 6= 1, 2. (D.8)
Thus:
(Γ1 + iΓ2)η+ = Γ0
(
Γ˜6 + iΓ˜7
)
β
[
(x1 + ix2)Λǫs + i(x
1 + ix2)Γ0ǫs
] 1√
1 + β2x2
= −2iβ(x1 + ix2)(Γ6 + iΓ7) ǫs√
1 + β2x2
.
(D.9)
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Let’s proceed to second term of equation (D.5):
x · Γη+ = x · Γ Γ˜0(Γ6 + iΓ7)(1 + βx · Γ˜Λ) ǫs√
1 + β2x2
= − 1
β
Γ0(Γ˜6 + iΓ˜7)Λ(βx · Γ˜Λ− β2x2) ǫs√
1 + β2x2
= +
1
β
i(Γ6 + iΓ7)(βx · Γ˜Λ− β2x2) ǫs√
1 + β2x2
.
(D.10)
Combining our results for the two terms of (D.5), we get:
k
[
−2iβ(1 + x2β2)(Γ6 + iΓ7)− 2iβ(Γ6 + iΓ7)(βx · Γ˜Λ− β2x2)
] ǫs√
1 + β2x2
= −2iβk(Γ6 + iΓ7)ǫ
(D.11)
which finally implies that
ΓM˜∇ˆM˜Y kk η+ = 0. (D.12)
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